arXiv:1501.06191vl [math.PR] 25 Jan 2015 
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Abstract. We show global well-posedness of the dynamic <t> 4 model in the 
plane. The model is a non-linear stochastic PDE that can only be interpreted 
in a “renormalised” sense. Solutions take values in suitable weighted Besov 
spaces of negative regularity. 
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1. Introduction 


The aim of this paper is to show global-in-time well-posedness for the stochastic 
quantisation equation 


f d t X = AX — X :3: + aX + £, on R+x R 2 , 
\ Y(0, ■) = X 0 , 


on the full space R 2 and in the probabilistically strong sense. Here £ denotes a 
white noise over R x R 2 , a is a real parameter and X :3: denotes a renormalised cubic 
power. This cubic power is sometimes referred to as a “Wick power” or “normally 
ordered power”, and sometimes written in the suggestive form X 3 — 3ooX, where 
“oo” stands for a divergent constant that appears in the renormalisation procedure. 
The initial condition Xq is assumed to take values in a certain Besov space of 
negative regularity with weights. 

Equation (1.1) describes the natural reversible dynamics for the Euclidean <I>| 
quantum field theory. It is given by a Gibbs measure on ^(R 2 ) which is formally 
proportional to 


( 1 . 2 ) 



dv{X), 


where v is the law of a Gaussian free field. This measure was constructed and 
investigated intensively in the seventies and eighties (see [GJ] and the references 
therein). In 1981, Parisi and Wu [PW] proposed to construct solutions to (1.1) as a 
means to obtain samples from (1.2) via an MCMC procedure. In this article, we 
fully perform the construction of solutions to (1.1). In our companion article [MW], 
we show that solutions of (1.1) on the two-dimensional torus arise as scaling limits 
for the Glauber dynamics of a ferromagnetic Ising-Kac model near criticality. 

Parisi and Wu’s article [PW] received a lot of attention over the years, and 
the construction of solutions to “renormalised” SPDE has been a recurring theme 
in the stochastic analysis literature. First results were due to Jona-Lasinio and 
Mitter [JLM] . Using the Girsanov theorem, they constructed solutions to a modified 
equation 

(1.3) d t X = (—A + 1)- £ (AA - X :3: + aX) + (-A + !)“*£ 
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for yg < £ < 1, on the two-dimensional torus. Note that (at least formally), this 
equation also defines reversible dynamics with respect to the <f> 4 measure (1.2). 

In the early nineties, Albeverio and Rockner [AR] studied (1.1) using Dirichlet 
forms. They could show that the Dirichlet form for (1.1) is closable, and thus 
construct weak solutions to (1.1). Weak uniqueness for solutions on the torus was 
shown in [RS2]. In [MR], Mikulevicius and Rozovskii developed an alternative 
approach and constructed martingale solutions to (1.3) on the torus for any value of 
£ € [0,1), and shown uniqueness in law for £ > 0. Uniqueness in law for solutions to 
the original equation (1.1) on the full space remained open in all of these approaches. 

A breakthrough result was obtained by da Prato and Debussche in [DPD]. They 
considered (1.1) on the two-dimensional torus and showed short time existence 
and uniqueness in the probabilistically strong sense, via a fixed point argument 
in a suitable Besov space. Using the reversible measure (1.2), they also showed 
non-explosion for almost every (with respect to this measure) initial datum. 

Our argument builds on this result and extends the method developed in [DPD]. 
The strategy is similar in spirit to the one-dinrensional construction performed in 
[Iw] . Following [DPD] , we first construct periodic solutions for a short time on a 
torus of arbitrary size, using a fixed point argument. Deviating from [DPD], we 
derive a priori estimates that are strong enough to imply non-explosion on the torus 
for an arbitrary initial condition in a natural Besov space. We then show that, as the 
torus grows larger, the family of solutions remains in a compact subset of a suitable 
Besov space with polynomial weights. This implies the existence of solutions by 
extracting a converging subsequence. 

The proof of uniqueness comes with a twist. The nature of the equation does not 
allow for a standard Gronwall argument in Besov spaces with polynomial weights. 
Instead, we “unfold” the information of boundedness in such a space into a scale of 
bounds in Besov spaces with (stretched) exponential weights. We then perform a 
Gronwall-type argument using this infinite scale of bounds. 

Recently, the three-dimensional version of (1.1) has received a lot of attention. 
In [Ha], Hairer developed a theory of “regularity structures”. The construction of 
solutions to the three dimensional version of (1.1) on the torus and for short times 
was one of the key applications given in [Ha]. In [CC], Catellier and Chouk presented 
another method to derive an equivalent result. Their argument is based on the 
method of “modelled distributions” which was put forward by Gubinelli, Imkeller 
and Perkowski in [GIP]. Yet another method to construct short time solutions to the 
three-dimensional version of (1.1), using the renormalisation group, was proposed by 
Kuppiainen in [Ku]. Four dimensional versions of (1.1) and (1.2) are not expected 
to exist [Ai] . 

The problem addressed in all of these works is somewhat orthogonal to the 
problem discussed in this article. More precisely, all of these works develop methods 
to understand the behaviour of a large class of stochastic equations (including (1.1)) 
on small scales. These methods apply to nonlinear stochastic equations satisfying 
a certain scaling property (called subcriticality in [Ha]) which permits to view 
the solution of the nonlinear equation as a perturbation of a linearised stochastic 
equation. It is not expected that a single general theory can give global in time 
non-explosion results for all of these equations in finite or infinite volume; such 
results will rather have to be obtained case by case. Yet, we hope that the present 
article will serve as a first step towards proving global-in-time well-posedness for 
the three-dimensional version of (1.1). 

In [HL1] and in the forthcoming article [HL2], Hairer and Labbe obtain global 
well-posedness for a parabolic Anderson model on all of R + x R d for d = 2,3. This 
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model is given by a renormalised version of the stochastic PDE 
(1.4) d t u = An + u r /, 

where 77 is a white noise in space. To this end, they significantly extend the theory 
of regularity structures to include weights, and they are able to replace some of the 
L°°-type assumptions from [Ha] by a more general L p structure. This part of their 
work is similar in spirit to our treatment of L p -based Besov spaces with weights 
below. But their method differs from ours in an important way: Hairer and Labbe 
can directly view (1.4) as a fixed point problem for an operator which is globally 
Lipschitz continuous on some (complicated) space. Their result thus follows by a 
Picard iteration. We do not expect that such an approach would work for (1.1), 
due to the non-linearity. We are thus forced to adopt the more indirect strategy 
described above. 

However, our uniqueness argument (see Section 9) seems related to the method 
employed in [HL2]. Indeed, once the necessary a priori estimates are established, 
our argument reduces to a uniqueness statement for the heat equation with irregular 
potential, very much akin to (1.4). 


1.1. Statement of the main results. Let f be space-time white noise on R + x 
and let a £ R. We denote by Z be the solution of the stochastic heat equation 


( dtZ = A Z + £, on R + x R 2 , 

\ Z( 0,-) = A' o , 


R 2 , 


and denote by Z :2: , Z :3: its Wick powers. These Wick powers can, for example, be 
defined by approximation. Let p be a mollifying kernel, i.e. a compactly supported, 
non-negative smooth function from R x R 2 to R with f p = 1. For S > 0, set 

p s (t,x) = S~ 4 p^, |) . 

Let Z ( j be the solution of (1.5) with £ replaced by the regularised noise £5 = £ * ps- 
There exist constants eg, which diverge logarithmically as 6 goes to zero, such that 


Z \5 — c 5 Z | — 3c gZg 


converge to non-trivial limits, which we denote by Z :2: and Z :3: . Such a construction 
is given, for example, in [DPD, Ha]. Below, in Section 5 (see (5.42)) we give an 
alternative, more direct construction of Z' 2: and Z :3: . In particular, in Theorem 5.4 
and Corollary 5.10, we show that for every initial condition Xq in a suitable weighted 
Besov space, the Z :n: can be realised as random continuous (in time) functions 
taking values in a weighed Besov space of negative regularity. 

Motivated by [DPD], we then say that A' solves the equation (1.1) if X = Y + Z, 
where Y solves 

n f d t Y = AY + *(Y,Z,Z :2: ,Z :3: ), onR+xR 2 , 

1 j \F(0,.)=0, 

with 

(1.7) T(F, Z, Z (2 \ Z {3) ) = —Y 3 - 3 Y 2 Z - 3YZ^ 2) - Z (3) + a(Y + Z). 

It turns out that Y is a continuous (in time) function taking values in a Besov 
space of sufficient positive regularity. Hence, the non-linear terms in (1.7) can be 
interpreted through multiplicative inequalities in these spaces. We interpret (1.6) in 
the mild sense, i.e. we say that Y solves (1.6) if for every t ^ 0, 

Y t = [ e (t_s)A 


( 1 . 8 ) 


0 


^(Y s ,Z s )ds, 
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where Z = (Z, Z :2: , Z :3: ). Our main result states that there exists exactly one 
solution of (1.6) taking values in some weighted Besov space In short, the 

space is defined analogously to the usual Besov space with regularity index /? 
and lower indices p, oo, except that the integration is taken against a weight of the 
form (1 + \x\ 2 )~ rT//2 (see (4.3) for a precise definition). 

Theorem 1.1 (Existence and uniqueness of solutions). Let f3 < 2, cr > 2, a > 0 be 
sufficiently small and p < oo be sufficiently large. Let X 0 £ Z be the solution 

of (1.5), and Z :2: ,Z :3: denote its Wick powers. With probability one, there exists a 
unique Y £ C(M+, 0O ) solving (1.6). 

Remark 1.2. As explained above, one of the key steps in the construction of solutions 
on the full space is to show global-in-time existence and uniqueness for solutions 
on the torus, for arbitrary initial condition in a natural Besov space of negative 
regularity. This improves on the result from [DPD] where non-explosion is only 
shown for almost every (with respect to the invariant measure) initial datum. This 
result is stated in Theorem 6.1. 

Remark 1.3. We expect that our method of proof can be modified to imply that 
(|]A t | R -o,,o ) t >o is a tight family of random variables. By the Krylov-Bogolyubov 

p/9,oo 

method, this would give a dynamic construction of a <f> 4 measure formally given 
by (1.2). (For some values of the parameter a, there are several Gibbs measures 
formally given by (1.2), see [GJS].) 

Remark 1.4. As in [Ha], our solution X could be obtained as the limit of an 
approximation procedure with diverging constants: Let fs = f*ps be the regularised 
white noise defined above. For any <5 > 0, let Xg be the solution of the equation 

f d t X s = AX S - (X 3 - 3c S X S ) + aX s + &, 

\ Xs(O t -)=X 0 . 

Then the solutions Xg converge to X as S goes to zero. Such a result is fully 
within the scope of the method presented here — indeed, essentially only some 
(5-dependent bounds on Z and its Wick powers in Section 5 would have to be added 
(see Remark 5.8 for a discussion). However, this analysis is not too different from 
the calculations performed in [Ha], and in order to keep the length of the paper 
within reason, we refrain from giving this construction. 

Remark 1.5. As in [DPD], one could replace the term —A' :3: by any Wick polynomial 
of odd degree with negative leading coefficient. 

1.2. Organisation of the paper. The first half of the paper is devoted to de¬ 
veloping the necessary facts about the different scales of weighted Besov spaces. 
Weighted Besov spaces have already been studied extensively, see in particular [ET, 
Chapter 4], [Tr, Chapter 6] and references therein. Since the precise results that we 
need are difficult to locate in the literature, and for the reader’s convenience, we have 
chosen to make our paper essentially self-contained. In Section 2, we provide some 
preliminary results about functions with compactly supported Fourier transform 
and Gevrey classes. In Section 3, we develop all the necessary properties of the 
weighted Besov spaces in the case of a stretched exponential weight. We conclude 
the discussion of weighted Besov spaces in Section 4, by indicating how our results 
change for different choices of weights. 

The actual construction of solutions to (1.1) is performed in the remaining sections. 
In Section 5, we recall some probabilistic preliminaries, and give a construction 
of solutions to the stochastic heat equation (1.5) and its Wick powers in different 
weighted Besov spaces. In Section 6, we show global-in-time well-posedness for (1.6) 
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in the periodic case. As stated above, we use the strategy developed in [DPD] to 
construct solutions for a short time, and then derive a priori bounds that are strong 
enough to show non-explosion for every initial datum in a Besov space of periodic 
distributions. In Section 7, we extend these a priori bounds to the more general 
case of solutions on the plane. These bounds imply that solutions to (1.6) on tori of 
diverging size remain in a compact subset of a weighted Besov space. In Section 8 , 
we show that any limiting point is a mild solution of (1.6). Uniqueness is shown in 
Section 9. 

Finally, some standard calculations for Gevrey functions are collected in Appen¬ 
dix A for the reader’s convenience. 


1.3. Notation. We denote by Supp / the support of the function /, by B(0,r) the 
open Euclidean ball of radius r. For p £ [l,oo], we write L p for the usual space 
L p (R d ,dx), whose norm we denote by || • ||j>. The space of infinitely differentiable 
functions with compact support is denoted by C%°. For I = N or N U {-1} and 
q £ [1, oo], we let 

\\{u n ) neI \\^ = 

\nei ) 

with the usual understanding as a supremum when q = oo. We let 
(1.9) i q = \ (u n )nei ■ IMI^a < oo and lim ti„ = 0 \ . 

I n—Kx> ) 

(Note that this differs from the usual definition of the space l q only when q = oo; 
our definition makes the space separable in every case.) 

We denote by S the Schwartz space of smooth functions with rapid decay at 
infinity, and we denote the dual space of Schwartz distributions by S'. We write 
& f or / for the Fourier transform of /, which is defined by 

^/(C) = /(C) = J e- ix <f{x)dx 

for / £ L 1 , and can be extended to any / £ S' by duality. We also write 3■~ 1 f for 
the inverse Fourier transform, which, for / £ L 1 , takes the form 

^ 1/(0= (^p/ e ‘’ </K,dC ' 

Acknowledgements. HW was supported by an EPSRC First Grant. 


2. Functions with compactly supported Fourier transform 

The goal of this section is to show that a function that has a compactly supported 
Fourier transform satisfies several regularity properties. For instance, for p Js q, 
the L p norm of such a function is controlled by its L q norm, with a constant that 
depends only on the location of the support of the Fourier transform. 

While such results are classical for usual L p spaces, our subsequent analysis 
requires that we extend these regularity results to weighted spaces. 

Three scales of weights will be used in this paper: stretched exponential weights, 
polynomial weights, and “flat” weights on finite cubes for periodic functions. We 
could possibly have come up with a general framework that contains these three 
scales as particular cases. However, we find it clearer to focus first on the case of 
stretched exponential weights, which is the most delicate. We will then indicate 
why the argument carries over with only notational change to the other cases. 
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2.1. Gevrey classes. We begin with a brief reminder on Gevrey classes (see also 
[Ro, Chapter 1]). 

Definition 2.1. The Gevrey class of index 9^1, denoted by Q 6 , is the set of 
infinitely differentiable functions / : — y R. satisfying 

for every compact K , there exists C < oo such that for every n £ N d , 
sup K \d n f\ < C>\ +1 ( n\) e , 

where n\ stands for n\\ ■ ■ ■ n 0 and |n| = n\ + • • • + rid- We let Q e c be the set of 
compactly supported functions in Q°. 

Gevrey classes interpolate between analytic functions (6 = 1) and C°° functions. 
They are stable under addition, multiplication and differentiation. (Stability under 
multiplication is given by Proposition A.l of the appendix; the other stability 
properties are easier to check.) We have 

Q\ = {0} 9 = 1. 

In order to show that Q e c is non trivial for 9 > 1 (following [Ro, Example 1.4.9]), we 
can first show that for n = l/{6 — 1 ), the function 

, f M —y M 

‘ \ x exp (—x _K ) l x>0 

belongs to Q e , and then observe that for any r > 0 , the function 
t ( K* 1 -a R. 

' \ x = (xi, ...,x d ) >-A n,=i H r + - Xi ) 

belongs to Q e c . For a given compact K C one can then construct a function in 
Q e c that is constant equal to 1 on AT and vanishes outside of a given neighbourhood 
of K. Indeed, it suffices to take the convolution of an indicator function with $ (for 
a suitable choice of r ) and renormalise by ||<E»|| . 

We will shortly introduce function spaces with weights that decay roughly as 
e~‘ x ' (|a:| —y oo) for some <5 € (0,1). Functions in Q e c will help us counter-balance 
the presence of these weights thanks to the following property (which we will in fact 
use in the “reverse” direction, to construct functions with fast decay at infinity with 
prescribed Fourier transform in Q ®). 

Proposition 2.2 (Decay of the Fourier transform). If f £ Q e c , then there exists 
c > 0 and C < oo such that 

( 2 . 1 ) |/(C)| 

The proof is recalled in the appendix, see Proposition A.2. 


2.2. Young and Bernstein inequalities. A key tool in the derivation of the 
regularity results we alluded to is Young’s inequality. Our starting point is a version 
thereof that allows for the presence of weights. 

Definition 2.3. Let v,w : —y R+. We say that w is v-moderate if for every 

x,y£ R d , 

(2.2) w(x + y) ^ v(x)w(y). 

Theorem 2.4 (Weighted Young inequality). Let w be v-moderate. For every 
r,p,q£ [l,oo] satisfying 

1 1 

- 1 - 

p q 


(2.3) 


r 
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and every measurable functions /, g : —> R, 

ll(/*ff) u, IU r < \\fv\\ L p \\gw\\Li- 


Proof. We observe that 



\f*g\{x)w{x) 

< 

J\f\(y)\g\{x - y)w{x)dy 


( 2 . 2 ) 

J\f\(y)\g\(x - y)v(y)w{x - y) d y 


4 

[(!./» *(lsM] (*)• 


The result then follows from the classical Young inequality, see e.g. [BCD, Lemma 1.4]. 

□ 

We let 

|ai|* = sj\ + |*| 2 

be a smoothened version of the norm | ■ |. Naturally, | • |* is no longer a norm, but it 
still satisfies the triangle inequality, since 

I* + y\l < 1 + M 2 + |y| 2 + 2|a:| \y\ < 2 + |*| 2 + \y\ 2 + 2|z|*|:i/|* = (|z|* + |y|*) 2 . 

Definition 2.5. Throughout the paper, 

(2.4) we fix S G (0,1) and 8 G (1, 1/8). 

We define 

(2.5) w^x) = e _/i|x| * ( p G K), 

and let L p be the space L p (M. d , w^{x) d*). We denote by (•, • ) fl the scalar product 
in L 2 . 

(Since 5 is kept fixed throughout, we choose to leave the dependence on S implicit 
in the notation; the number 6 will come into play shortly.) We impose from now on 
that p ^ 0. Note that 

w »( x + y) /, , , , S n 

2.6 -at—= exp/r y * - *+ (/*) 

«M 2 /) 

< exp/r ((I*+ y|* + |*|*) 5 - |* + y\i) < exp/i|x|*, 

since we assume <5 < 1. Hence, the weight is wi-^-moderate. 

Lemma 2.6 (Scaling property). Let (j) G Q 6 C , (j)\ = <j>(-/X) and g\ = XF~ 1 (j)\. For 
every p G [l,oo] and /io > 0, there exists C < oo such that uniformly over A ^ 1 
and p ^ /io, 

\\g x \\ L P_^CX d / p ', 

where p' G [1, oo] is the conjugate exponent of p, that is, l/p+ 1 jp' = 1. 

Proof. Since g\ = X d g\{X-), the result is clear if p = oo. Otherwise, a change of 
scale gives 

J | 5 l r(*)e^/ A l*dx. 

By Proposition 2.2, the latter integral is bounded uniformly over p ^ p^ and 

A>1. □ 

Remark 2.7. Similarly, for every 7 + 0, we have |||A • | 7 5a||l p < X d ' p . 
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Lemma 2.8 (Bernstein’s lemma). Let B be a ball. For every po > 0, k = 
(fci,..., kd) £ and p ^ q £ [1, +oo], there exists C < oo such that for every 
p ^ and A ^ 1, 

Supp/cAB =► H^/ll^ < C'A |fc|+d (*-*) ||/|| L « (|A;| = /sn. H-h fc d ). 

m Atq/p 


Remark 2.9. Here and in the two lemmas below, we have not been precise concerning 
the range of allowed functions /. We will only use the lemma for functions belonging 
to the Schwartz space S of smooth functions with rapid decay at infinity, so we 
will prove the result in this setting. It is straightforward to generalise the result 
to Schwartz distributions (i.e. elements of S'). This is not the most general class 
one can think of, since there are functions in L q ^ q ^ p that fail to be intepretable as 
Schwartz distributions (due to a fast growth at infinity). The main issue then is 
on the interpretation of / when / £ L q ^ q ^ p does not belong to S'. We prefer to not 
delve into this question (but note that if / £ L q pq ^ p , then one can make sense of / 
as an element of the dual of Q B by Proposition 2.2). 

Proof of Lemma 2.8. We show the result for finite p and q , the adaptation for the 
remaining cases being transparent. Let </> £ G B be such that <j> = 1 on B, and let 
4>\ = </>(-/^)- We observe that 

f = &~ 1 (Ux)=gx*f, 

where g\ = = X d gi(X-). Writing g^ := ( d k gi)\ = X d {d k gi)(A-), we have 

d k f = A' fc l g[ k) *f. 

By Theorem 2.4, 


A- |fe| ||dVlk = ll(fli fc) */K /p llw < llsf^l 


L r 


\\fwl /p \ 


L* 


= h 


( k ) 1/p | 


where r is such that 
(2.7) 




r 


1 

q 


P<l/P 


Since \\g^ w]/ p ||i,r = ||(7^||za / , the result follows by Lemma 2.6 and (2.7) once 
we notice that g\ k> = d k g± is the (inverse) Fourier transform of a function in Q 8 . □ 


2.3. Effect of the heat flow. We now derive two results that quantify the regu¬ 
larizing and continuity properties of the heat semi-group. 

Lemma 2.10 (Smoothing of the heat flow). Let C be an annulus (i.e. a set of the 
form {r ^ |a;| ^ f?} for some 0 < r < R) and po > 0. There exists c > 0 and 
C < oo such that for every p £ [1, +oo], p ^ po, t ^ 0 and X ^ 1, 

Supp/ C AC =► ||e tA /|| L P < Ce~ ctx2 \\f\\ L p. 

Proof of Lemma 2.10. We show the result for finite p, the adaptation to p = oo 
being straightforward (and a classical result since the weights no longer matter in 
this case). Let (f> £ Q 8 be such that <j> = 1 on C and with support in an annulus, and 
let <j>\ = </>(•/A). We observe that 

e tA f = ( f<j) X e _i|12 ) = g x>t * /, 
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where 

= Wf / e“’ £ 0K)e-‘ |A£l ’<iC. 

Let us write 

9xM = I eix< cKOe- t]XC]2 dC, 

so that gx,t{x) = (27r) _d A <i g xt (Xx). By Proposition A.3 of the appendix, 

|5 A)t (x)|<Ce- cA2t - c H 1/9 . 

By Theorem 2.4, 

and moreover, 

< Ce~ cX2t \ d J e- c ^ 1/e e^ 6jp dx 

< Ce~ cx2t J e - c| *r /e g^kAlJ/p dx 

(A j X) Ce~ cX2t J e~ c ^ 1/e e^ Jp dx. 

The integral is bounded uniformly over /r ^ /io, so the result is proved. □ 

Lemma 2.11 (time regularity of the heat flow). Let B be a ball and go > 0. There 
exists C < oo such that for every p£ [1, +oo], g ^ go, t ^ 0 and A ^ 1, 

Supp/cAB =* ||(1 ~e tA )f\\ L * <C(U 2 A 1)11/11^. 

Proof. Lemma 2.10 makes it clear that showing 

(2-8) 11(1 — e tA )f\\ L p ^ CtA 2 ||/||lp 

is sufficient. Let f> £ Q® c be such that <j> = 1 on B. As before, we can write 

(l-e‘ A )/ = <?A, t */, 

but this time with 

9x ’ tix) = J^y J e iAx '^(C)(i-e-‘ |AC| 2 )dc, 

which we can in turn decompose as gx,t{x) = ( 2ir)~ d A d 7f xt (Xx) for 

9x,t(x) = J e^(C)(l-e- t l^l 2 )dC. 

A minor variation of the proof of Proposition A.3 shows that 

\9x,t(. x )\ < C , fA 2 e _c|;i:|1/e , 

from which (2.8) follows as in the proof of Lemma 2.10. □ 
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3. Weighted Besov spaces 

We now introduce weighted Besov spaces, and use the results of the preceding 
section to deduce several important properties of these spaces. We will study how 
they relate to each other via continuous (or compact) embeddings and interpolations, 
their duality properties, the smoothing effect of the heat flow. Besides, a fundamental 
feature of Besov spaces for our purpose is their multiplicative structure: one can 
extend the multiplication (/, g ) —y fg to a continuous map on suitable Besov spaces. 
In large measure, our results parallel those for unweighted Besov spaces (and our 
arguments are inspired by those of [BCD, Chapter 2]), although the proofs often 
become more subtle. 


3.1. Definition, continuous embeddings and interpolation. For future refer¬ 
ence, let us define the annulus 

(3.1) C* = £(0,8/3) \ £(0,3/4). 

It is straightforward to adapt the proof of [BCD, Proposition 2.10] (using Propo¬ 
sition A.l) to show that there exist x>X £ Gc taking values in [0,1] and such 
that 

(3.2) SuppyC £(0,4/3), 

(3.3) Supp x C C\ 


+oo 

(3.4) VC G x(C) + E x(C/2 fc ) = i. 

k—0 

We use this dyadic partition of unity to decompose any function / £ (7/° as a sum 
of functions with localized spectrum. More precisely, we let 

(3-5) X-i = X, Xk = x(’/2 fc ) (k > 0), 


and for k ^ — 1 integer, 

4/ = &~ X (xfc /) , s k f = '£s j f 

3<k 


(where the sum runs over j 7 —1), so that at least formally, S k f —t / as k tends to 
infinity. For any a £ R, p > 0, p, q £ [1, + 00 ] and / £ C£°, we define 


OO 

E ( 2 “ fc ll4/||i 


.k=-1 




1 


tl 


with the usual interpretation as a supremum for q = 00 . The Besov space Bp’£ 
consists of the completion of C%° with respect to this norm. We denote by i?// 1 the 
space obtained in the same way but with L p replaced by the “flat” space L p . 


Remark 3.1. We depart from the habit of defining as the space of distributions 
for which ||/||b“^ is finite. Our definition coincides with the usual one as soon as 
both p and q are finite, but yields a strictly smaller space when at least one of 
these indices is 00 . There are several advantages to this different definition. First, 
it slightly simplifies the proofs of some estimates, by letting us show the estimate 
for functions in C%° and then using a density argument. It also ensures that the 
Besov spaces are separable, which has a number of advantages when considering 
probability measures thereon. But perhaps the most important reason is related 
to the presence of weights. As was already alluded to in Remark 2.9, there is no 
canonical embedding of into the space S' of Schwartz distributions, because 
elements of Bp£ are allowed to grow too fast at infinity. On the other hand, one 
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can check that elements of £>“'jf define linear forms on C£°. Yet, our definition 
of H/Hg^f* does not make sense as it stands for general linear forms on C£°. We 
believe that it is possible to overcome this problem by making use of results such as 
Proposition 2.2, and carry this construction on a less standard space of distributions 
(we think of the dual of the space of functions whose Fourier transform belongs to 
Qf., with a suitable topology). However, we find our approach technically simpler. 

In the definition, we are using implicitly the fact that ||/||b°'^ is finite for every 
/ £ C™; this can easily be checked. Before doing so, we introduce the notation 

(3-6) Vk = ^~ 1 (Xk), V = Vo, 

so that for k ^ 0 , % = 2 kdr q(2 k -). 

Lemma 3.2. Let a £ R andp,q £ [l,oo]. If f £ Cf°, then ||/||g°.M is finite. 
Proof. Observe that for k ^ 0, 

S k f(x) = 2 kd J f(y)y{2 k {x - y)) d y. 

The Fourier transform of ry vanishes in a neighbourhood of the origin. Hence, for 
every positive integer n, the function rj n := (—A)~ n r] is well-defined and in L 1 , and 
moreover, 

(3.7) S k f(x) = 2 fe ( d-2n ) J (—A)"/(») y n {2 k {x - y)) d y. 

By the (unweighted) Young inequality, 

(3.8) ||4/||lp < 2 fe(d - 1 ~ 2n) ||(-A)'7|| i p. 

In particular, for any given a £ R, the sequence (||4/||i>)fceN decays faster than 
2~ ak as k tends to infinity. □ 


Remark 3.3. If a\ ^ « 2 5 then uniformly over y,p,q, 


(3.9) 


< 


where here and throughout, we understand that the inequality above holds for every 
/ £ Indeed, this is clear if / £ C£°, and then we argue by density. Similarly, 

if qi ^ 92 , then 


(3.10) 




while if pi ^ p 2 , then thee exists C < oo such that uniformly over a, y 0 and q , 

(3.H) ll/lk- < Cy-^-^)\\f\\ B ^ q . 


Remark 3.4. Since 
(3.12) 


I 


114/IUc < 


it follows that for every j3 < a, 

+°° n(a—(3) 

ll/lleff = Y 

k =-1 


Hence, for every q, q r G [l,oo], we have ||/||^,/x < ||/||b q ’^ uniformly over /i. 

p,q' 

Remark 3.5. The space B is continuously embedded in L’P. Indeed, 


+oo 



k =-1 
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Remark 3.6. Conversely, is continuously embedded in . Indeed, by Theo¬ 
rem 2.4, 

II/IIbX = SU P \\ s kfhl < sup ||r?fc||ii \\f\\ L », 

p ' fe ^-1 fc ^-1 

with sup H^fclli 1 < oo by Lemma 2.6. Moreover, for each given /uo, the inequality 
holds uniformly over p ^ p o- 

We also have 

Proposition 3.7 (Besov embedding). Let a ^ j3 £ R and p ^ r £ [1, oo] be such 
that 

P = a + d( 1 - 1 \ 

\r pj 

and let po > 0. There exists C < oo such that for every q £ [l,oo] and p ^ po, 

ll/Ik- < c\\f\\ <r/P . 

Proof. It suffices to show the result for f £ Cf°. By Lemma 2.8, 

l\hf\\L p <2 kd ^-^\\6 k fl\ L ^ /p , 

from which the result follows. □ 

Another notable consequence of Bernstein’s lemma is the following. 

Proposition 3.8 (Effect of derivatives). Let a £ R, k = (k \,..., kd) £ p,q £ 
[l,oo] and po > 0. There exists C < oo such that for every p ^ po, 

(3.13) ||0*/II b -h*i.m C\\f\\ B?: . (| k\ = k 1 + --- + k d ). 

Remark 3.9. We have not given a meaning to d k f for a general / £ B™'Jf. But 

once (3.13) is established for arbitrary f £ C£°, we can define d k f £ Bff/^’ 1 ' for 
any / £ B'fff by means of an approximating sequence in C£°, and (3.13) is then 
automatically satisfied for every f £ Bf'Jf. 

Proof of Proposition 3.8. As for Proposition 3.7, the result is a direct consequence 
of Lemma 2.8, since the latter ensures that 

¥i(d k f)\\ K = ||<9 fc (6 / /)|| i p < 2 , l fc l||5,/|| LS . 

□ 


We now turn to interpolation inequalities between Besov spaces. 

Proposition 3.10 (Interpolation inequalities). Let a o,ai £ R, Po, qo ,Pi, qi £ [l,oo] 
and v £ [0,1]. Defining a — (1 — v)ot$ + va\ and p,q £ [1, oo] such that 
1 1 — v v ,1 1 — 1 / v 

V Po 

we have 

€ 


j/ ,1 1 -v 

— and - = - 

Pi 9 9o 


9i 


18 ° 


I^o.p 

^P0><Z0 


| ■ 


Proof. We provide a brief proof for the reader’s convenience. Recall that we denote 
by (•, •) p, the scalar product in L 2 We observe that for / £ Cf°, 


ll/ll 


B 


a,fi 

P,Q 


N 


lim sup V 2 ak 

N —>oo ' ^ 


k=-1 


9 k) ft u k 

II.9&II L p/ IMU' 


where p' and q' are the conjugate exponents of p and q respectively, and the 
supremum is taken over all sequences u and all simple functions g~i, ■ ■ ■, gN (i.e. 
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measurable functions that take a finite number of different values). For a complex 
number z with Re(z) £ [0,1], we define 

9k,z = \9k\ P ^ + ^ 

\9k\ 

where we understand the right-hand side as being 0 on the set {gu = 0}. Similarly, 
we let u z be the sequence defined by 


and 


I \q\~ —- + —1 ^ k 

U z ,k = \uk\L q ° 91 -r, 

\ u k\ 


| _ \ ' nk[(l—z)a 0 +za\\ (4/, gk,z)^Uz,k 
^ \\9k\\ LP ' ||«||^ • 


The function if) is liolomorphic and bounded on {Re(;s) £ [0,1]}, so by the three-lines 
lemma (see e.g. [RS, Appendix to IX.4]), 

1,K v ) < sup sup I ip(z)\ v , 

Re(z)=0 Re(z) = l 


and the result follows by checking that 


sup 

Re(z)=0 


(2 aofc ||5fc/|| i jo) 


-l<k<N 


lio 


and the similar inequality on Re(z) = 1. 


□ 


3.2. Effect of the heat flow. The smoothing effect of the heat flow, as measured 
in Besov spaces, takes the following form. 

Proposition 3.11 (Smoothing of the heat flow in Besov spaces). Let a ^ fd £ R, 
Ho > 0 and p,q £ [1, oo]. There exists C < oo such that uniformly over h ^ /io and 
t> 0, 


e tA /|| 


€ CfTT 


B“r w ~ \\j \\ b p 

Vi <? q 


Proof. Since A acts by multiplication in Fourier space, we have 4 (e tA /) = 
e tA (4/)■ By Lemma 2.10, 

l|e tA (4/) IU- < e- ct22fc ||4/IU S , 

SO 

2“ fe ||4 (e tA /) IUp < t^ [(t2 2k )^e~ ct22k ] 2^||4/||l- 

The term between square brackets is bounded uniformly over t and k. Taking the 
norm of both sides of the inequality, we get the result. □ 

Proposition 3.12 (Time regularity of the heat flow in Besov spaces). Let a ^ fd £ R 
he such that fd — a ^ 2, ho > 0 and p,q £ [l,oo]. There exists C < oo such that 
uniformly over h ^ Vo and t > 0 , 


ll(i-4 A )/lk,, 


o / 3 , p , . 


Proof. By Lemma 2.11, 

2“ fc ||4 ((1 - e tA ) /) \\ L * < 2 ak {t2 2k A 1) ||4/lk 


/3-a 

<t~ 


(t2 


2 k\ 




(t2 2k A 1) 


2 ^|| 4 /||i 


The result follows since the term between square brackets is bounded uniformly over 
t and k. □ 
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Remark 3.13. By the same reasoning, we obtain that if / G then t ► e tA f 
is continuous in 2?“’**. Indeed, it suffices to check the continuity at time 0. By 
Lemma 2.11, uniformly over fc, 

||«5 fc ((l-e tA )/) |Up <\\6 k f\\ L *, 

and for every k , the left-hand side above tends to 0 as t tends to 0. If / G 23“^, 
then this ensures that 


1(1 -e‘ 4 )/ 


(2«‘||4((l-e' 4 )/)L;) 


k >-1 


L* 


k—yoo 


-+ 0 , 


since 2“ fc ||(5fc/|| L p - > 0 even when q = oo, see (1.9) and Remark 3.1. 

^ k— >oo 


3.3. Multiplicative structure. The following lemma provides a convenient way to 
check whether a function belongs to a Besov space. We refer to [BCD, Lemma 2.69] 
for a proof (which is an application of Young’s inequality). 


Lemma 3.14 (Series criterion I). Let a G R, p, q G [l,oo] and let C be an annulus. 
There exists C < oo such that the following holds uniformly over g. If (fk)ke N is a 
sequence of functions in S such that 

Supp f k C 2 fc C and (2“ fc ||/ fe |U) G 
\ M /fceN 


then 


+oo 

/==£/* 

k=0 


^p,q 


and 


<C 


( 2 “ fe ||/ fc |U S ) 


fee n 


e.i 


Remark 3.15. Let rf G G?. be supported in an annulus, and rf k = 2 kd g'(2 k -). By the 
same reasoning, for every aGl and p,q G [1, oo], there exists C < oo such that 


(^Wk + fh* 


ke N 


< C'll/fe. 


it 


In particular, up to an equivalence of norms, the definition of Besov spaces does not 
depend on the choice of the functions \ and X- 


If the support of the Fourier transforms are only localized in balls instead of 
annuli, we get the same result provided that a > 0 (see [BCD, Lemma 2.84]). 

Lemma 3.16 (Series criterion II). Let a > 0, p,q £ [l,oo] and let B be a ball. 
There exists C < oo such that the following holds uniformly over g. If (fk)ke N is a 
sequence of functions in S such that 


Supp/fc C2 k B and (V fc || f k \\ L A G I q , 

\ fee n 


then 


+oo 

/:=^./fcG^ 

fc=o 


and 


^C 


(2“ fc H/felk) 


fcSN 


it 


For /, g G C^° , we introduce the paraproduct 

f©9 = 51 S of Sk 9 = ^2 s k-if Skg, 
j<k —1 k 

and the product remainder (or resonant term ) 

f®9= 5Z S if S kg, 

and we write / © g = g © /. We have the Bony decomposition 
(3-14) fg = f©g + fOg + f©g. 
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The goal is to extend the notion of the product fg to elements / and g of suitable 
Besov spaces, by showing that each of the terms in this decomposition has a natural 
extension. Here are the key estimates. 


Theorem 3.17 (Paraproduct estimates). (1) Let a,ai,a 2 £ R and p,p \, P 2 , q £ 
[l,oo] be such that 

a\ ^ 0, a = (ai A 0) + «2 and - = -1-, 

P Pi P2 

where we write a\ A 0 = min(ai,0). The mapping (f,g) K > f © g (defined for 
f,g£ C(P) can be extended to a continuous bilinear map from B^f’^ x B^'Jf to 
Bp’q , Moreover, there exists C < oo such that uniformly over p, 


(3.1.5) 11/ © g sj C ||/|| B “i.e ||<?||b“ 2 2 ;/- 

(2) Let 01,02 £ R be such that o := Oi + 02 > 0, and let p,p\,p 2 ,q be as above. 
The mapping ( f,g ) 1 —> f 0 g can be extended to a continuous bilinear map from 
Bpf’£ x to Bp’Jf, Moreover, there exists C < 00 such that uniformly over p, 


11/o ffb- <c ll/ll 


B 


Q l-M 
PI . 00 


M 


B 


“2.M . 
P 2 >9 


Proof. Let f,g £ C£°, and let C = B{ 0,2/3) +C*, where C* was defined in (3.1). 
One can check that C is an annulus. By (3. 2-3. 3), for k ^ 0, the Fourier spectrum 
of Sk-if dkg is contained in 2 k C. (The term indexed by k = — 1 is null.) By 
Lemma 3.14, in order to estimate \\f © g we need to bound 

|(2“1WML;)J,,' 

By Holder’s inequality, 


(3-16) Il'S'fc— 1 / dkd\\ l* < ll-S'fc—l/Hz.Jl 1 

while by definition, 

< 2 -“^||/|| b? i.m, 

so that 

\\Sk-if\\ L ? < E 11^/11 l? < E h/ii b -i.m < 2 - ( “^o )fc | 

i=-1 i=-1 


and thus 

\\Sk-if dk 9 \\ L » < 2 -(“^°) fc ||/|| b « v m \\S k g\\ L P 2 . 

Multiplying both sides by 2 ak and taking the £ q norm, we obtain (3.15). 

For / © g, we only know that for some ball B, if | j — k\ ^ 1, then the Fourier 
spectrum of Sjf S k g is contained in 2 k B. We must thus rather use Lemma 3.16 
instead of Lemma 3.14. The proof remains the same, except that we need to impose 
a > 0. □ 


Remark 3.18. We can also distribute the weights unevenly between the two terms 
in the right-hand side of (3.15). Indeed, if zq, v 2 > 0 are such that 

I — Yl. 1 Yl 

P Pi P 2 ’ 

then 


(3-17) \\fg\\ L * = || gw^\\ LP < ||/|L^ \\g\\ L ^ 

by Holder’s inequality. Using this inequality in (3.16), we see that we can replace 
the right-hand side of (3.15) by 


c\\f\\ 


B 


a 1 
pi . 


Mb 


“ 2 .M 2 
P 2 .9 
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if desired, provided that p i = Vip and p 2 

T = Mi 
P Pi 


(3.18) 


z/ 2/1 satisfy 

P2 

P 2 ' 


Theorem 3.17 can be turned into multiplicative inequalities, which will play a 
central role in our analysis. We treat separately the cases of positive and negative 
regularity. 


Corollary 3.19 (Multiplicative inequality I). Let a > 0, p,q £ [l,oo], v £ [0,1], 
and hq > 0. There exists C < 00 such that for every p ^ p 0 , if 

/3i = a+(1 - v)-, ft? = a -\- v —, pi=up, P 2 = (1 - v)p 
P P 

and if Pi,P 2 £ [l,oo] are defined by 

(3.19) i = - and 1 = —, 

Pi P P2 P 

then the mapping (/, g) K > fg can be extended to a continuous linear map from 
Bpuq x &p’q > an d moreover , 


ll/slk* < c\\f\\ K ,» \\g\\ B ^ a < c 2 


3^1 >ei Hsll 

- 7 p,q ‘ 


?02.M2 ■ 
’p,q 


Proof. The first inequality follows from the decomposition (3.14) and Theorem 3.17 
with cki = 02 = ol. The second one follows from Proposition 3.7. □ 


Remark 3.20. If we assume instead that 

1 = 4 + 4 and ! = 4 + m, 

P Pi P2 P Pi P2 

then by Remark 3.18, we also have 

11/1711 ^ C’ll/ll 11311 ' 

Corollary 3.21 (Multiplicative inequality II). Let a < 0 < f3 be such that a+/3 > 0, 
p,q £ [1, oo], v £ [0,1] and po > 0. There exists C < oo such that for every /i ^ po, 

if 

o’ = a + (1 — v) j3' = j3 + v-, pi = vp, P 2 = (1 - v)p, 

P P 

and if pi,p -2 £ [l,oo] are defined by (3.19), then the mapping (f,g) K > fg can be 
extended to a continuous linear map from 2 ?“^ x to Bp’jf, and moreover, 


(3.20) 


ll/3lk- < C||/|| b -,m \\g\\ B ^ < C 


• Ml Il3llg/3'.M2- 


Proof. We get from Theorem 3.17 that 

ll/©/|s“;M < \\f © g\\ B «+t>,» < Il/Hspfyg Mb?. 




and the same estimate holds for / O g instead of / © g. Moreover, 


11 / © d\\t 


< 


ll/lk- IMI 




These estimates lead to the first inequality. The second one follows as before using 
Proposition 3.7. □ 

Remark 3.22. If we assume instead that 

1 = 4 + 4 and t = ti + Ei. 

P Pi P2 P Pi P2 

then by Remark 3.18, we also have 


Wf9\\B^^C\\f\\ B ^\\g\\ Rfi 


2 * 
• D P2>9 
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3.4. Duality. Recall that (•, denotes the scalar product in L'(. 

Proposition 3.23 (duality). Let a £ [0,1) and po £ K. There exists C < oo such 
that the following holds. Let p,q £ [l,oo], p' and q' be their respective conjugate 
exponents, and p ^ po. The mapping ( f,g ) ha ( f,g) fJ , (defined for f,g £ Cf°) 
extends uniquely to a continuous bilinear form on B^ff x , and moreover, 

(3-21) \(f,g)»\<C\\f\\ B ^\\g\\ B - rr 

Proof. It suffices to show that for every /, g £ Cf°, 

(3-22) £ \{S k f,5ig)„\<\\f\\ B?t \\g\\ B a , r 

p ,q 

k,l^-l 

We decompose the proof into three steps. 

Step 1. Let C denote the annulus 13(0,10/3) \ 13(0,1/12). Let £ Q s c be such that 
4>(0) = 0 and f> = 1 on the annulus C, let 4> k = f>(-/2 k ) and let <4 = In 

this step, we show that for every l ^ — 1 and every k ^ l + 2 , 

(3.23) {8kf,8ig)p = J 4/ S t g (w^* <4) 

By Parseval’s identity, 

(27r) d (4/, 8ig)y, = J S k f (Sig-kw^j = J 4/(Ci) <MC 2 ) *4(Ci ~ C 2 ) dCi dC 2 - 

For l ^ 0, the integrand on the right-hand side is zero unless £1 £ 2 k C* and (2 £ 2 l C*, 
where we recall that C* was defined in (3.1). Since we assume that k l + 2, the 
integrand being non-zero implies that Cl — C 2 £ 2 k C. This conclusion remains valid 
when l = — 1 . Hence, multiplying the integrand by <4(Ci — C 2 ) does not change the 
value of the integral, and using Parseval’s identity again, we obtain (3.23). 


Step 2. Let a' £ (a, 1). We now show that 


< 2 ~ a ' k w 


(3.24) 

By a change of variables, 

* 4>k{x) = J w^(x - y)(fk{y) d y = J w^ (x - JQ <j>(y) Ay. 

Since ^>(0) = 0, we have f = 0, and thus 

Wf, * <4( x) = J (wf, (x - x)) <j>(y) Ay. 

Recall that by Proposition 2.2, f>(y) < e~ c ^ 1 for some c > 0, and that 

w n i x - Jt) 


Wp(x) 


£ W-, 


(£)• 


We first analyse the integral over \y\ 2 l °, where Iq Js 0 will be chosen later, and 

decompose it as the union of 2 l ^ \y\ < 2 l+1 , l ^ l 0 . We obtain 


(3.25) 



- w fi( x )) Kv) d V 


< 


+ OO 

w^(x) ^2 2 dl exp 
l=lo 


(2p2 s( ' l+1 ~ k '> 
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The summand in the sum above is bounded by 

exp (2p2 51 - c2 l > 6 + dZlog(2)) , 

so if we choose Iq to be the smallest integer such that 2 l ° ^ k 2e , then the sum in the 
right-hand side of (3.25) tends to 0 super-exponentially fast as k tends to infinity. 
In order to show (3.24), it thus suffices to show that 


(3.26) 


l\y\^2k 2S 


( x Jt) - W A X )) Kv) d V 


< 2 - a ' k w, 


{x). 


By the definition of we have | w^ix — z) — vj^ ( 2 ;) < \z\w fl (x) uniformly over 
x £ R d and z such that \z\ < 1. The left-hand side of (3.26) is thus bounded by a 
constant times 

k 26 

-^k w k(x) \\4>\W 

with H^Hl 1 < 00 , so the proof of (3.24) is complete. 


Step 3. Combining the results of the two previous steps and Holder’s inequality, we 
obtain that for every Z ^ — 1 and every k fz- l + 2, 

\(Skf,6igU<2- a ' k J \Skf Sig\ 

(3.27) <2- a ' k ¥kf\\ L r\\6 ig \\ L r'. 

For any k and l, we also have \(6 k f,Sig),i\ < ||4/||l£ II^IIjV, so for any k and l, 
we have 


(3-28) \(6kf,6i9U < 2 _ “ ,|fc_i| \\S k f\\ L p \\Sig\\ L ^. 

Let us write z i k = l k ^-i2~ ak ||<5fct/|| p > , v k = 2 _ (“ and u*v for the convolu- 

tion of the sequences u and v (indexed by Z). By Holder’s inequality, 


E \(SMaU Z E 2 ° k \\ s kfH E 2 


— Oil 


c\oi{k—l)—a' \ k—l\ 


k,l^~ 1 


k >-1 


l >-1 


< 


(2 afc ||4/||j 


fe >-1 


\\u-kv\\^ . 


ii 


By the standard Young inequality for sequences, ^ ||u||^,/ ||v||^i, and 

||v||^i < 00 , so we obtain (3.22). □ 


Remark 3.24. Although this will not be used below, note that one can spread the 
weights unevenly in (3.21) if desired. Using the modified Holder inequality (3.17) in 
(3.27) shows that for pi, p 2 > 0 such that 

_ Mi , M 2 

A 4 —- 1 - ji 

P V 

one has 

K/iSOmI ^ C ll/llgp ^ 1 ||S , ||g-°.(*2 • 

p' ,q' 

3.5. Besov and Sobolev norms. We now show that for every a £ (0,1), one can 
estimate the Besov norm || ■ || b °.m in terms of ||/||gi and ||V/||gi. 


Proposition 3.25 (Estimate in terms of V/). Let a £ (0,1) and po > 0. There 
exists C < 00 such that for every p ^ po, 


C~ 


€ 


iir 


IIV/IIS.+| 


I L\ ■ 
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Remark 3.26. In particular, there exists C < oo such that 

c'- 1 ll/bf ) f < llv/iUi +II/IU 1 . 

Proof of Proposition 3.25. It suffices to prove the result for / € Cf°. For l ^ 0, we 
define the projectors 

v t f= E s *f and v if= E **/> 

-i^k^e k^e+i 

so that / = Vef + Vj -/, and by the triangle inequality, 

II/IIb“; 1 " ^ W'PefWs^f + Wvtfhi-? ■ 

For the first term, recalling (3.6), we get 

mf\ i BlT = E 2 ^ 114 / 11 ^= E 2 te h fe */iui 

(3-29) < E 2ka \\VkhlJf\\Li <2 to ||/|Ui, 

where we used Theorem 2.4 (Young’s inequality) and then Lemma 2.6. On the other 
hand, using the fact that for k ^ 0, the function ry. has vanishing integral, we get 

\\Pif\\B?? = E 2ka \\^fH 


k^t+i 


= E 2 ‘ 




Vkiy)ifix-y) - f(x))dy 


dx 


€ 


E 2 ka 2~ k [ \2 k y\ Vk (y)( [ 

J R d V JR d 


I fix-y) - fix) | 


k^l+1 


\y\ 


e~^> dx) dy . 


By (2.6), 

and as a consequence, 


J fix- y)e ^ dx ^ e^ 1 * ||/|| L i, 

|2 fe y|%(y)( [ lf t x ~ y) - f{x)l e-^ 1 * dx) dy < 2|| |2 fc • | Vk \\ Ll 


I L}-. 


J \y\> 

with || |2 fe • | r/kWL 1 ^ 1 by Remark 2.7. Moreover, for all x,y £ R d , 


< / | V/(x - fy)| dt, 
Jo 


so using that || |2 fe • | ? 7 fc || L i < 1, 


| 2 fc y|%(y)( [ 

v -/R‘ 




12/1 


^l*dx)dy < ||V/|| L i. 


To sum up, we have shown that 
(3.30) 

\\Ptf\Wx ;$ E 2fc( “ _1) (ll/lUj + llv/|Ur) < 2 ^-b (H/IUi + ||V/|| L i.) , 


and thus 


k^i+1 

Il/lk-< 2fa ll/ll4 + 2 " (Q - 1) 

The result then follows by optimizing over £. 


L}. + 


|v/ILj). 


□ 
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3.6. Compact embedding. Finally, we prove a compactness embedding between 
Besov spaces. An efficient way to proceed is to show that it follows from a similar 
result in unweighted Besov spaces. We first need to “project” onto unweighted 
spaces. 


Proposition 3.27 (Projection on unweighted Besov spaces). Let a £ R, p,q £ 
[1, oc] and <fi £ C%°. The mapping f i—► </>/ extends to a continuous linear map from 

R Q .M to B a ’° 

Proof. The proof is similar to that of Corollaries 3.19 and 3.21. We need a modifi¬ 
cation of Theorem 3.17 that allows the destination space to be unweighted. 

Recall the definition of rj and (i]k)k ^o i n (3.6). By Proposition 2.2, 

\rt\{x)<e- c ^ X/B . 

Let M be such that the support of cj> is contained in [—M/2, M/2] d . Since for every 

k > 0 , 

= 2 fed J cf{y)ri(2 k (x - y)) d y 

with <j> compactly supported, we obtain that for every k ^ 1 and |x| ^ M (redefining 
c to be smaller), 

(3.31) \S k (j>\(x) <2 kd e~ c ^ 1/e , 

and thus for every |x| ^ M, 

|5 fe 0|(x)<^|5^|(^)<e- c N 1/e . 

j<k 

By Lemma 3.2, we also know that ||iSk0||.E°° is bounded uniformly over k. Hence, 
we can mimic the proof of Theorem 3.17 but with (3.16) replaced by 

\\S k -^S k f\\ LP <\\S k f\\ L ,, 

where the implicit constant is uniform over k. We thus obtain that the mapping 
/ K > <f> © / extends to a continuous linear map from Bp'jf to Similarly, for 

every /3 £ R, 

\\S k -if S^Wlp <2-^||5*_ 1 /|| i p J 

where we used (3.31) and the fact, ensured by Lemma 3.2, that < 2 - ^ fc 

(and where the implicit constants depend on /3). Hence, for every (3 £ R, the mapping 
f '-t f © <t> extends to a continuous linear map from B^’jf to B“+' 3,0 . Moreover, the 
same conclusion also holds for the mapping / i-a cj> 0 /, so the proof is complete. □ 


We will also need the following result. 


Lemma 3.28 (Besov norms on large scales). Let <j> £ C^°, and for to ^ 1, let 
4>m = 4>{-/rn). Bor every a £ R, p, q £ [l,oo] and y> 0, we have 

SUP < OO- 

m^l 

Moreover, if the support of <f> is contained in an annulus and p ^ oo, then 


11 11 


- > 0 . 

m—> oo 


Proof. The identity ||(^ m ||.L°° = is obvious, and for p < oo we have 

\\<t>m\\Ll= / \(f){x/m)\ p w^{x)dx ^ ||^|| l ~ / w^{x)Ax , 

jR d JS. d 

and in particular, the left-hand side is bounded uniformly over to. Similarly, for 
any multi-index k £ N d , we have ||<9 fc 0 m || l°° = ||<9 fc <(>||L=°, so that ||<9 fc ^ m ||,L£ is 

bounded uniformly over m. 
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If in addition, p < oo and the support of f does not intersect 13(0, e) (for some 
e > 0 ), we get in the same way that 

1 


IF 


"m||M 




m 


1*1 


II 9k^\\i 


' \x\^em 


t(x) da 


-A 0 . 


By (3.7), Proposition 2.2 and Theorem 2.4, we have 

ll^ ro ||^<2^- 2 " ) ||(-A)> ro || i ,, 

and we thus obtain the announced results. 


□ 


Proposition 3.29 (Compact embedding). Let a > a' G M, p, q G [l,oo] with 
p ^ oo, and p! > p > 0. The embedding C is compact. 


Proof. Let (f n )ne n be a sequence that is bounded in B^Jf. We wish to find a 

/ / 

subsequence that converges in . 

Let (f) G be such that 

<j> = 1 on B(0, 1), (j> = 0 outside of i3(0, 2), 


let <f> m = <f>(-/m), a± < a and Mi > p. For every fixed to, up to extracting 
a subsequence (which we keep denoting by (/„) for convenience), there exists 
/("*) G 2?“V° such that 


* 1.0 


A 0. 


Indeed, this follows from Lemma 3.27 and [BCD, Theorem 2.94]. In particular, we 
have /F g and 


|| fmfn 


j(m) 


II 


B 


“i 

p.i 


,M1 


- > 0 . 

n —loo 


The convergence along a subsequence holds for any given to, and thus up to a 
diagonal extraction, it holds for every to simultaneously. By the boundedness 
assumption on the sequence (/„) and the multiplicative inequalities (Corollaries 3.19 
and 3.21), 


||/ (m) || B “i./n = lim ||^ m /„|| B “i./*i < ||</> m ||ga,p limSUp||/ n || B -.P < \\(j)m\\ B ^ 
p, 1 n —loo p, 1 “p.i p. 1 p.i 


for some a and p > 0 depending only on or, a, p and p\. By Lemma 3.28, ||0 m |La,,p 

°Pil 

is bounded uniformly over to, so that the same holds for ||/( m )||K°i. p i. 

P, 1 

It is clear that for to ^ k, the distributions /("b and f <k ^ coincide on B(0,m). 
In particular, for to ^ k, 

/("*) -/ (fe) = (1 - -F))- 


Letting < a± and p 2 > pi, we can use the multiplicative inequalities to obtain, 
for every to . ^ k, 


||/ (m) -/ (fc) || 


K a 2-^2 

°p, 1 


< 


I 1 - ||/ (m) - / (fe) || 


t2 a l >Ml 
°P, 1 


< 111 




II 


B 


p.l 


for some a and p > 0 depending only on or, a 2) Mi and M 2 (where we used the fact 
that || ||g“i. p i is uniformly bounded in the last step). By Lemma 3.28, it follows 

P ,1 

that the sequence is a Cauchy sequence in £?“ 2 1 ’ /i2 , and thus converges to 

some / G S “ 2 1 ’ M2 . We have the diagram 


&mfn 

i 

fn 


->■ 

n—loo 

-S> 


j(m) 

I 

/, 


(to —>• 00 ) 


n—>oo 
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where every convergence holds in B ^ 2 ^ 2 , and the bottom horizontal arrow is the 
convergence we want to show. This convergence is proved by observing that the 
convergence of 4> m fn to f n as m tends to infinity is uniform in n. Indeed, it suffices 
to observe that 

II fn - <t>mfn || B “ 2 .« < ||1 - </> m ||g=, 7 T || /„ ||g“i .Ml < ||1 - 0m||g=,7D 
p . 1 °p, l p . 1 ° P , l 

and to use again the fact that ||1 — d) m |L„,,,. —> 0 as m tends to infinity. □ 

e p, i 

4. Other scales of weights 


We now indicate how the above results carry over to polynomial weights, and to 
flat weights on cubes for periodic functions. Throughout the paper, when we refer to 
a result of Section 3 in the context of polynomial weights or in the periodic context, 
it is understood that the result is adapted according to the rules we now explain. 
In the previous sections, we were careful to give estimates that hold uniformly 
over /i ^ /ito, for some given p q. Such uniformity will only be used for exponential 
weights, so the reader may leave this aspect aside. 


4.1. Polynomial weights. For a £ R, we let 


(4.1) 


W a (x) = |®|* CT , 


and write L p for the space L p (M d , w r7 (x)dx). From now on, we will always assume 
that (7^0. It is clear that 


w a (x + y) 
Wa(y) 


< 


XL = w- n 


and W-c is dominated by w_i. Moreover, the weight w a is integrable if and only 
if (7 > d. In Section 2, there is only one place where we assumed the weight to 
be integrable (that is, p ^ 0), namely in (3.11). We simply need to replace the 
assumption that /i ^ 0 by the assumption that a > d. That is, if a > d and p\ ^ P 2 , 
then there exists C < oo such that 


(4-2) ll/ll^.p <C\\f\\ ga ,„, 

1,9 ^P2’<2 

which is the analogue of (3.11). All the other estimates of Section 2 are valid for 
every a ^ 0 if one replaces Lj ’ by L p throughout. As an example, the conclusion of 
Lemma 2.8 becomes 

Supp / CAB =► \\d k f\\ t p < CAl fc l +d (i-i) \\f\\ tlI . 

a aq/p 

For any a £ R, a > 0, p, q £ [1, +oo] and / £ C^°, we define 
(4-3) ||/||g.,. := 

The Besov space is the completion of C£° with respect to this norm. The 
results of Section 3 then follow seamlessly, simply replacing 2?“^ by throughout. 
As an example, the conclusion of Proposition 3.7 becomes 


(2“ fc ||4/|| £ g) 


k>-1 




I/ll, 


< 


i,crr/p • 

,q 


There is one more place where we used the property that the weight is integrable, 
namely in Subsection 3.6 on the compactness embedding (in Lemma 3.28). Again, 
we simply need to add the requirement that cr > d to obtain the result for polynomial 
weights. Explicitly, the compactness embedding becomes: 


Proposition 4.1 (Compact embedding). Let a > a' £ R, p, q £ [1, oo] with p ^ oo 
and a' > a > d. The embedding B “ ! ;f c Bp is compact. 







GLOBAL WELL-POSEDNESS OF THE DYNAMIC $ 4 MODEL IN THE PLANE 


23 


4.2. Flat weights on cubes. We will also need to use Besov spaces that are 
tailored for the periodic setting. One natural option would be to base the definition 
of these Besov spaces on discrete Fourier series (those adapted to the torus under 
consideration). We choose a slightly different route here: we prefer to view functions 
on the torus as periodic functions on the full space, and to use the continuous Fourier 
transform of these functions instead. The latter approach has two advantages. First, 
the construction is closer to what was done for the weighted Besov spaces above, so 
the extension of the previous results to these spaces is more transparent. Secondly, 
we will build solutions on the full space as limits of solutions on increasingly large 
tori, so viewing functions on a torus as periodic functions on the full space is more 
natural for our later purpose. 

We say that a function / : —> M is M-periodic if for every z £ M Z d , we have 

f(z + •) = /. We write L P M for the L p space of M-periodic functions equipped with 
the Lebesgue measure on [—M/2,M/2] d , and || • ||? P for the associated norm. For 

M 

every M-periodic function /, we define 


a,M : = 
P,Q 


(mviin) 


k^s-l 


ii 


and let B^'^ 1 be the completion of the set of M-periodic functions in C°° with 
respect to the norm || • ||g Q ,M. We note that if /, g : —> ffi. are measurable functions 
with / being M-periodic, then for r, p, q as in Theorem 2.4, we have 


\\f*9hr s? o\\f\\ L p \\g\\ L i 

M M 

(recall that || • ||_li denotes the L q norm with respect to the Lebesgue measure on the 
full space). From this form of the Young inequality, one can then proceed as before. 
For instance, the analogue of Lemma 2.8 reads: if / is an M-periodic function with 
Supp/ C A B, then \\d k f\\ L P s; C A |fc|+d (f-§) ||/|| £9 (we view / as an element of 

M M 

S' to make sense of / £ S'). In short, since the weight is now flat, its powers are 
trivial and the inequalities simplify. 

For every M-periodic function /, we define 


a,M ! = 
P,<1 


(2"‘ll«lliS,) 


k^-1 




and let be the completion of the set of M-periodic functions in C°° with 

respect to the norm II • II ^ a ,M. Section 3 then carries over with obvious changes. For 
instance, for a,/3,p and r as in Proposition 3.7, we have ||/|Uc.,m ^ C||/||^/3,m. 

p , q ^r,q 


5. The stochastic heat equation and its Wick powers 

Now that the necessary facts about weighted Besov spaces are established, the 
remaining sections are devoted to the actual construction of the solution of the 
stochastic quantisation equation (1.1). In this section, we provide some probabilistic 
preliminaries and perform the construction of solution of the stochastic heat equation 
and its Wick powers in a weighted Besov space. 

We start by recalling the definition of a space-time white noise £. Formally, £ is 
a centred Gaussian distribution on R x with covariance 

(5.1) E£(i, x) £(f', x') = S(t — t') S d (x — x') , 

where <5(-) denotes the Dirac delta function and 5 d ( •) is the Dirac delta function over 
R d . Of course, (5.1) does not make sense as it stands, but it can be made rigorous 
easily, by integrating against a test function <fi: R x R 11 A R and postulating that 

(^■2) = IHIl^rxrO ‘ 
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Definition 5.1. Space-time white noise is a family of centred Gaussian random 
variables {£(</>), </> £ L 2 (R x R d )}, such that (5.2) holds. 

The existence of space-time white noise in the sense of Definition 5.1 on some 
probability space (fljJ 7 , P) follows immediately from the Kolmogorov extension 
theorem. Furthermore, the mapping <j> ha £(<(>) is automatically linear on T~L := 
L 2 (R x R d ) (in the sense that for every 4>i,4>2 we have almost surely £(<?b) + £(^ 2 ) = 
£(</>i + ^> 2 ))- Below, we will often use the somewhat formal notation 

£(<£)=: [ <«-K(d 2 ), 

J RxR d 

although £ is almost surely not a measure. In particular, for a given <f> £ L 2 (R x R d ), 
the random variable is only defined outside of a set of measure zero, and a 
priori this set depends on the choice of (f>. 

We will need a periodised (in space) white noise, defined on the same probability 


space. For every M > 0 and <j> £ L 2 


(5.3) 

where 

(5.4) 


€m( 4 >) = 


/RxR d 


, we set 




For every (1 £ L 2 (M x 


= l[_M i M]c J (a:) ^2, <j>(t,x + y). 

y£M 1 d 

, we have 
||<( , M||L 2 (RxR d ) ^ ll^l|L 2 (MxR d ) : 

so that (5.3) makes sense. Furthermore, for every <f> with support contained in 
R x [4f, m ] d , we have £(<^) = £m(</>) almost surely. 

From now on, we assume that J- is the completion of the sigma-algebra generated 
by {£(</>): <j> £ 'H}. Under this assumption, it is well-known that we have the 
orthogonal decomposition 


L 2 (U,^,P) = 0 # , 


k>0 


where denotes the fc-th homogeneous Wiener chaos. More precisely, 'H® = R, 
'H 1 ' 1 ) = {£(0): <t> £ H}, and for every 2, we have 

U {k) = {/ fc (</>): ^£-H 0sy “ fc } • 

Here 7^® symfc denotes the set of square integrable, symmetric kernels (j): (R x R d ) fe —► 
R, and Ik denotes the fc-fold iterated stochastic integral (see [Nu, Sec 1.1.1 and 
1.1.2]). Below we will often use the notation 

h(4>) = / <(>( 21 , • • •, Zk) £(dzi) ... £(dz fc ) . 

I (RxR d ) fc 

Let us recall that for every kernel </> £ 7^® symfe , we have the following isometry 


E 


(5.5) 


( [ <t>{z 1, ■■■, Zk) £(dzi) ... C(d2fc)) 

Rxl d )‘ ' 

cj)(zi,...,Zk) 2 dzi . ..d Zk ■ 


= kl 


We also recall Nelson’s estimate, which states that for every k ^ 1 and p ^ 2, there 
exists a Ck, P such that for every X £ 

(E\X\p)* ^C k , p EX 2 . 


(5.6) 
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Below we will also need the following Kolmogorov lemma. Recall that according 
to (3.6), for k ^ —1, we have rjk = & -1 Xfc• 

Lemma 5.2. Let (t,cfr) H > Z(t,4>) be a map from R x L 2 (R d ) — > L 2 (Cl, J-, P) which 
is linear and continuous in (f>. Assume that for some p > 1, a £ R and n > ^ and 
all T > 0, there exists a function Kt £ L°°( R d ), such that for all k ^ —1, x £ R d 
and s,t £ [-T, T], 

(5.7) E|Z(t, %(• - x)) \ p ^ K T {xY 2~ kap 

(5.8) E|Z(i, %(• - a)) - Z(s, %(• - a)) \*> < K T (x) p 2~ k ^~ K >\t - s\ Kp . 

Then there exists a random, distribution Z which takes values in C(R, for any 

a! < ol — k and a > 2, and which satisfies for all t £ R and 4> £ iS(R d ) 

(5.9) Z(£,</>) = (Z(f),</>) almost surely. 

Furthermore, for every T > 0, we have 

(5.10) E sup ||Z(t, OH-,,,,, < C(T,a,a',p) [ K T (x) p w a (x)dx . 

-T^.t^T b p.p Jr<i 

We stated this lemma in the case of polynomial weights, but the same statement 
holds if w a is replaced by another integrable weight, e.g. stretched exponential. In 
particular, the following modification of Lemma 5.2 follows by the same method, 
and we omit the proof. 

Lemma 5.3. Let Z satisfy the assumptions (5.7) and (5.8) of Lemma 5.2. If in 
addition. Z has the property that for some fixed M > 0 and all t £ R, (f> £ <S(R d ) 
and z £ MZ d , 

(5.11) Z (t,<p) = Z(t, </>(• — 2 )) almost surely, 

then Z takes values in the Besov space BffA 1 of periodic functions and 

(5.12) E sup ||Z (t)\\ P iM ^C(T,a,a',p)f K T (x) p da. 

B P.P 

Proof of Lemma 5.2. For fixed k ^ — 1 and t £ R, we start by defining a random 
function Z k {t, •) which will play the role of 5kZ(t, •). The natural definition would be 

(5.13) Z k (t,x) = Z(t,rj k (-- x)) . 

Unfortunately, Z(t,r?fc(- — x)) is only defined outside of a set of measure zero which 
depends on x (and t ), so that it is not clear if (5.13) can be made sense of for 
all x simultaneously. We circumvent this problem by the following trick (which is 
motivated by the Shannon sampling theorem [Me, Section 1.4]). Set e k = 
and let Xfc G <S(R d ) be real valued, symmetric, such that \ k is constantly equal to 
1 on the annulus 7?(0,2 fc |) \ B( 0,2 fe |), and such \ k vanishes outside the annulus 
B( 0, 2 fe Ri) \R(0,2 fc |) (for k = — 1 we assume that y_i is 1 on the ball B( 0, |) and 
vanishes outside of B( 0, |)). Finally, define rj k = &~ 1 Xk■ 

For x £ we define Z k (t, x) as in (5.13), and for x £ R d \ we set 

(5.14) Z k (t,x) = ^2 efa k (t,y)fj k (x-y) . 

y&Ek% d 

As rjk is a Schwartz function and the assumption (5.7) implies that e.g. 

£ k( 1 + \y\)~ d ~ lz k(t,y) < 00 

y£ek% d 
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almost surely, it follows that (5.14) defines a smooth random function on a set of 
measure 1. Furthermore, we have for k ^ 0 

(5.15) Supp7-(Z fc (t,-)) Cb( 0,2 1 “) \ i?(0,2 fc |) , 

and Supp J 7 (Z_ 1 (t, •)) C B(0, |). Next, we set Z(f) = X^-i Z k (t, •)• Equation 
(5.15) implies that this sum converges almost surely when tested against a test 
function with smooth and compactly supported Fourier transform. In the estimates 
below, we show that Z is a well-defined random distribution. 

We claim that for fixed x £ R d , Z satisfies (5.9), at least if <j) has Fourier transform 
in C£°. Indeed, we have for such 4> 

{Z(t),<t>)= Y ( z k(t,-),<j>)= Y ^2 £ k [ z k{t,y)rj k {x-y)<j>(x) dz. 

k^-1 ly£e k 7. d JMd 


As a next step, we use the fact that both rj k and r/k have a Fourier transform 
supported in the annulus B( 0,2 fc ) \ 13(0,2 fc |) which implies for our choice of e k 
that 


Y ^Vkiy - ■) (vk * 0(y)) 

yee k TL d 



Vk{y - •) (vk * (t>{y )) d y = 5 k <f >(-), 


where the convergence takes place in L 2 (K d ). Hence, by continuity of Z(f, •) we can 
conclude that 


(z (t)^)= y = 

fc^-i 


In particular, this implies that for every x, (5.13) holds almost surely. 
Now we can estimate for t £ [—T, T] 


n\Mtr)\\ P ?P 

-E'n- 


E\Z k (t,x)\ p Wcr(x)dx 

E|Z(i, r) k (- - x))\ p w a {x)dx < 2~ kap f K T {x) p w a (x)dx . 

JWL d 


This bound in conjunction with (5.15) and the series criterion, Lemma 3.14, implies 
that for a! < a 


m- 




Y 2 fcQ ' p E||Z,(t,.)||2 > ^C(a,a',p) 
kY i a 


Kt(x) p w a (x) da: . 


In particular, almost surely Z is indeed a well-defined distribution in 0“^. Fur¬ 
thermore, the assumption that </> has compactly supported and smooth Fourier 
transform can be removed from (5.9) and can be replaced by <f> £ S. 

In the same way, we can bound for s, t £ [— T, T ] 


E\\Z k (t,-) -Z k (s,-)\\ p ?i 


= [ E|Z(£, r) k (- - a:)) - Z(s,i] k {- - x))\ p w a (x)dx 
< 1 1- f Kt{x) p w a (x)dx . 


So after summing over k , the (usual) Kolmogorov criterion permits to pass to a 
modification of the process 1 1 —> Z(t) which satisfies (5.9) and (5.10). □ 


With these preliminary results in hand, we can start the construction of the 
solution of the stochastic heat equation and its Wick powers in weighted Besov 
spaces, in the case when d = 2. The space-time white noise £ does not satisfy 
the conditions of Lemma 5.2, and indeed it can only be realised as a space-time 
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distribution, and not as a continuous function in time taking values in a space of 
distributions. 

However, we do not need to perform this construction. Instead, we start directly 
by analysing the properties of the solution of the stochastic heat equation 

. , J d t Z = AZ + £, on R + x K 2 , 

(5 \ Z(0, -) = 0. 

There are many equivalent ways to interpret this equation. We choose to simply 
postulate Duhamel’s principle, and to define for every cf> £ L 2 (R 2 ) and every t ^ 0 

(5.17) Z(t,(/))=[ f (c/),K(t-r,--y))£(dr,dy) . 

Jo Jr 2 

Here K denotes the standard Gaussian heat kernel, i.e. for t > 0 and x £ R 2 

K(t,x)=±ex p(-kL). 

We also define Zm, the solution of the equation with periodised noise, as in (5.17) 
with £ replaced by Furthermore, for any n £ N, we define the Wick powers 

z : " : M) 

« n 

(5.18) =/ (</>, 7v(t-r j; --%))^(dri,dyi) ... £(dr n ,dy n ) , 

J([0,t]xE?)» 

and as before Z'-fff is defined by replacing every occurrence of £ in (5.18) by £ m■ 


Theorem 5.4. For every M ^ 1 and every integer n ^ 1 , there exist modifications 
Z :n: and Z'fff (in the sense of Lemma 5.2) of Z n: and Zfff. 

For every T > 0, a > 0 and p > there exists a constant C = C(T,p,a ) such 
that for all M ^ 1 and a > 2, 

(5.19) E sup \\Z- :n: (t)\\ p J} _ acr < C [ w a (x)dx, 

o &p,p’ Jr 2 

(5.20) E sup \\Z- : $(t)\\ p ~ aiiC7 < C [ w a (x)dx. 

o °p.p Jr 2 

Furthermore, Z m is is M-periodic and 

(5.21) E sup ||Z %m P ~ a , M ^CM 2 . 

0^.t^T P’P 

Finally, we have 

(5.22) E sup \\Z :n: (t) - < CM 2 - . 

O^i^T ^p.p 


Throughout the proof of Theorem 5.4 (including the two lemmas at the end), we 
use the following conventions: for x > 0, we set log + (x) = log(x) V 0. Furthermore, 
we set 


Mm 


inf{|x + y |; y £ MZ 2 } if M < oo, 
M if M = oo. 


Sometimes it is convenient to write Tff) = Z :n: . 


Proof. Equation (5.5) and polarisation show that for any n, <fi,<j >2 £ <S(R 2 ), £i, *2 > 
0, and for any M £ [1, oo], we have 

E(Z^(ti),f> 1 )(Z^(t 2 ),cf 2 ) = 

n\ / (t>(Xi)(j)(X 2 )('%M(tl,t 2 ',Xl - X 2 )) n dxidx 2 ■ 

Jr 2 J r 2 
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For M = oo, the generalised covariance in the last expression is given by 

rtiAt2 


rt iAt2 r 

t 2 ; xi — x 2 ) = / / K(t 1 — r,x 1 — z)K(t 2 — r,x 2 — z)drdz 

Jo Jr 2 

\x 1 - X 2 \ 2 ' 


/o 

L 


/R 2 


(5.23) 

1 \tl~t2 | 

while for finite 0 < M < oo, we get 


exp 


/ _ |si — g2T \ 
V 4£ / 


d£ 


]_ r z it'2 ^ , 

(5.24) - x 2 ) = — / - exp ( 

87r ■'Iti-tal * , e M Z 2 V 


1^1 ~ %2 ~ y| 2 
4£ 


d£ . 


Pointwise bounds on the kernels JXJm are derived in Lemma 5.5 below. 

From the bounds provided in Lemma 5.5 we get for any k ^ — 1 any x £ M d , any 
t ^ T and for 1 ^ M ^ oo 


E|ZS(i,„(-- 

-</ [ 


Jr 2 Jr 2 


(5.31) 

<T,n 


*))| 2 =E|Z} $(t,Vk)f 

Vk{xi)r]k(x 2 ) (jff M {t,t,Xi - x 2 )) n dxidx 2 
Vk{xi)rik(x 2 )(l + log + (|xi - x 2 \~j^)) n dxidx 2 . 


The integral involving the kernel 1 poses no problems, because the r]k are uniformly 
bounded in L 1 . We split the integral over the logarithmic kernel into an integral 
over {|a;1 1 , |£ 2 1 ^ ^j-} and an integral over the remaining part of I 2 x I 2 . For the 
first integral, we get for k ^ 0 




Vk(xi)r]k(x 2 ) log + (|xi - x 2 \m ) n dx± dx 2 


(5.25) 


<n 

JR 2 JR 2 
<n (1 + k n ) . 


Vo{xi)ilo(x 2 ) (log + (|xi — x 2 \ *) + k log(2))" dcci dcc 2 


Here we have used the fact that %(•) = 2 2k po(2 k ■). The integral in the second line 
converges because 770 is a Schwartz function. 

The integral over I 2 x I 2 \ {|aii|, |ar 2 1 ^ xl can then easily be seen to be 
uniformly bounded in k and M using the decay of the r]k . More precisely, one uses 
the fact that for k ^ 0 and any m > 2 we have = 2 2k r](2 k x) < m • 

The integral in the case k = — l can easily be checked to converge as well. Hence, 
summarising these calculations and applying Nelson’s estimate (5.6) for any p ^ 2, 
we get uniformly over t ^ T, x £ R 2 , M £ [1, 00 ] and k ^ — 1 

(5-26) E\T$(t,r ]k (--x))\ p <T,„, P l + \k\^ . 


In the same way, for 0 ^ fi,f 2 ^ T we have for M £ [1, 00 ] 
e I z m (*!»%(• ~x)) -T^(t 2 ,Vk(--x))\ 2 


7 .! 


Jr 2 Jr 2 

where the kernel £} n satisfies for 0 < A ^ 1 


Vk(xi)r]k(x 2 ) ^(ti,t 2 ,xi - x 2 )dxidx 2 , 


£}g(t 1 ,t 2 ,x) = (j£r M {h,ti,x)) n + (j%M(t 2 ,t 2 , x ))" - 2(jr M (h,t 2 ,x)y 

(5^31) (5.32) | tl _ ta |A 


T,n, X 


|2A 

\M 


■(l + log + (|*| M 1 ) n y . 
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Then performing a similar calculation to (5.25) using the fact that i) k (- ) = 2 2fc ?7o(2 fe -) 
and that rjo is a Schwartz function, as well as Nelson’s estimate, we get 

E|Z - x)) - - x))\p 

(5-27) <T,u,x, P \h - t 2 \% 2 P kX \k \^ . 

The bounds (5.26) and (5.27) permit to invoke Lemma 5.2 (and Lemma 5.3) to 
conclude that (5.19), (5.20), and (5.21) hold. 

We proceed to bound the difference 3'$ '■= Z'm — T n: . Unlike the preceding 
calculation, we need to make use of the decay of the weight in an essential way. 
Indeed, for |a:| ^ we simply bound 




(5.28) 


< 


(5.26) 


E|Z- x))\ p + E\T n \t,r, k (- - x))| p < T ,n, P 1 + , 


and in the same way 
(5.29) 


(5.27) 


p(n— 1 ) 


E\3^(h, Vk (- - ®)) - 3£{t 2 ,r lk {- - a;))| p | t x - t 2 [* 2 pkX \k\^ 

Hence, for such x the difference satisfies the bounds required to apply Lemma 5.2 
for a function Kt that does not depend oni. If |cc| ^ we write 

E|«t,%(--z))| 2 

= n\ / r] k (xi)r] k (x 2 ) x — x\,x — x 2 ) dai dx 2 . 

J r 2 Jr 2 

The kernel appearing in this expression is given by 


&M(t;x i,x 2 ) 

(j#r(t,t,x i - x 2 )) n + (jfT M {t,t,x i - x 2 )) n - 2(jff M ,oo(t;x 1 ,x 2 )) n , 


where 


(5.30) 


,oo {t,Xi,X 2 ) 



K(t — r, x\ — x 2 — z) K(t — r, — z — y) drd 2 . 

M. 12 
2 J 


Estimates for the kernel J^m ,oo are collected in Lemma 5.6. These bounds yield for 
\x — x\\,\x — x 2 \ ^ ^ and any m > 1 

\^M{t-,x-xi,x-x 2 )\ < T ,m (l + log+dai-aiar 1 )"- 1 )—^ • 

We get 




Vk{xi)r] k (x 2 ) &M(t; x - xi, x - x 2 ) daq dx 2 


< 


T,m 



11 k{xi)ljk(x 2 ){l + log_|_ (|a7i 


(5.25) 

<T,m 


1 

M 2m 


(1+lfcl- 1 ). 


x 2 \ 1 ) n 1 )dxidi 2 


If one of the asatisfies \xi\ ^ yfsir, we can use the fact that the r] k are rescaled 
Schwartz functions to get the same polynomial decay of arbitrary order in M also in 
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the integral over the rest of R 2 . Applying Nelson’s estimate once more and merging 
with (5.28) we get 

n@M - z)r <T,m, P (1 + |fe|“) K T {x) , 

where Kt(x) = 1 for \x\ ^ and Kt{x) M~ 2m else. Interpolating this bound 
with (5.29), it is easy to obtain a similar bound for the time increments. Hence we 
can conclude by observing that for any m large enough, 


Kt(x) U>a{x)dx < m M 


— 2ra+2 




w a (x)dx < a M 2 


□ 


Lemma 5.5. Let JFm be defined by (5.23) and (5.24). Then for every T > 0 we 
get uniformly for x £ R 2 and 0 ^ t\, t 2 ^ T and M £ [ 1, oo] 

(5.31) < C(T)(l + log + (|a;|)( f 1 )) . 

Furthermore, for any A £ (0,1] and 0 ^ t\, t 2 ^ T 


(5.32) 


\jt M (ti,h-,x) - '%M(ti,t 2 -,x) \ ^ C(T, A) 


\tl — t2\ X 

r 


Proof. We first show (5.31). For M < oo, we can assume without loss of generality 
that the infimum inf{|as + y |: y £ Ml 2 } is realised for y = 0 which implies that 


1*1 < fr 


Then the term corresponding to y = 0 in (5.24) can be bounded by 


1 


[ I ( _ M) 

8^ J ltl _ t2 1 £ 6XP ( M ) 


( M 2> \ 

exp ElE 


r 2T 


< 


1 


d£ 


d£< 


1 


exp 


H) 


flv 7 


di- 


• i 2 1 


d t 


< T l + log + (|x| l ) . 

This calculation already shows the desired bound (5.31) in the case M = oo. For 
M < oo for z = \x + y\ we use the bound 


1 

rti+tz 

1 ( 

IzP'l 

. . f 2T 1 ( i \ 

871r „ 


r xp l 

1 1 1 

~U) 

1 ~ m l /(pp) 


d£ < 


rpri 


valid for every m > 0. To bound the sum over y 0 in (5.24) we choose an m > 1 
and obtain 

\x - y\ 2 ' 


h 


nt\-\-t<2 -I 

(. J E 

Id-* 2 ! ,,eMZ 2 \{o} 


exp 


/ _ | x-yf \ 

\ U ) 


dt 


< 


m.T 


E 


< 


E 


x T u P m r ^ j7n T / j ||yi 

y&M Z 2 \{0} 1 y| yeM Z 2 \{0} |y| 

M 


9— T M~ 2m 

2m 


Here we have made use of the fact that |a:| ^ AL implies that \x + y\ > (1 — ^=)|y| 
for all y £ Ml 2 . Hence, (5.31) is established. 

To see (5.32) we can again assume without loss of generality that in the case 
M < oo we have \x\m = \x\ and hence \x\ < ^M. We get for any M £ [l,oo) 

(5.33) \Jtr M {ti,ti,x) - J£r M (t 1 ,t 2 -,x)\ < f 7 E exp C—JT- 

^ IlUl 2 1 yeMZ 2 

Here the intervals I\ and I 2 are given by 

h=[0,\ti-t 2 \] and I 2 = [ti + t 2 ,2t{\ + 


d£ . 








GLOBAL WELL-POSEDNESS OF THE DYNAMIC $ 4 MODEL IN THE PLANE 


31 


with the convention [a, 6]+ = [a, b\ if a ^ b and [a, 6]+ = [6, a] else. In particular, we 
have |/i| = |/ 2 | = |ti — t 2 1 and both intervals are contained in [0,2 T\. In the case 
M = 00 the sum in (5.33) has to be replaced by the single term corresponding to 
V = 0. 

For each term in (5.33) we get, setting 2 = x+y and choosing m > 0 appropriately 


exp 


' / 1 U /2 


(N 2 ) 

\ U ) 


di < 


// 1 U /2 


f—y 

■VI Z*J 


di < 


m,T 


l^i — 


raAl 


12 m 


For the term involving y = 0 we choose m = A G (0,1] in this bound. As above 
this already establishes (5.32) in the case M = oo. For M < oo we use an arbitrary 
to > 1 to bound the terms for 1 / / 0. We then obtain, using as above that 

\x + y\>0-~ ~^)\y\ 


yeMZ 2 \{0} 


f 1 / 

' 1® + y\ 2 \ 

/ 1 exp 

, 2t ) 


< 


i,t \ti - 1 2 \ y 

S6MP\{0} 

,,T \tl — t 2 \M~ 2m . 


1 


I V? 


So, (5.32) follows as well. 


□ 


Lemma 5.6. Let ,'XLm,oc be defined by (5.30) and Jt'oo, JFm by (5.23), (5.24). For 
O^f^T, l^M<oo and Xi,x 2 G R 2 with |a"i|, \x 2 \ ^ ^ we have 

(5.34) J^M,oo{t\Xi,x 2 ) < C(T)(1 + log + (|a;i - a; 2 | — 1 ) • 

Furthermore, under the same assumptions on t,M,xi,x 2 we have for every m > 1 

(5.35) \^M,oo(t;x!,x 2 ) - J%oo(t,t;xi -x 2 )| < > 

(5.36) \jfhM,oo{t-,xi,x 2 ) - JF M {t,fix 1 — x 2 )\ < . 


Proof. We start by establishing (5.34). The term in (5.30) corresponding to y = 0 
can be bounded easily 

r t r 



K(t — r, X\ — x 2 — z) K(t — r, —z) dr d z 

M 12 

2 J 


(5.31) 

^Xoo{t,t-,xi~x 2 ) < T (l + log + (|a;i-a; 2 | ), 


where in the last inequality we have used the fact that |cci|, |x 2 | ^ yf implies 
that \x\ — x 2 \m = \x± — x 2 \- For the remaining terms we use the fact that for 
z G [-f ,f] 2 and y G MZ 2 \ {0} we have \z + y\> \y\ - |z| > (1 - -fe)\y\. We 
obtain for every m > 1 


(5.37) 


y K{t — r, —z — y) < m y 

yeMZ 2 \{0} yeMZ 2 \{0} 


t — r 


& 


< 


(t-r) 


m —1 


M 2ri 


which implies that 


E 

JEM Z 2 \{0} 


< 


(5-38) 2r 

So, (5.34) follows. 




K(t — r, x\ — x 2 — z) K(t — r, — z — y) dr dz 
r) m_1 A'(t -r,x 1 - x 2 - z ) drdz < m , T —^ 
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To see (5.35) we write 

00(^5 %!■> *^2) ^00(^5 ^5 *^2) 


= E 

y£MZ 2 \{0} 

l-t 


K(t — r, £1 — cc 2 — 2 ) K(t — r, —2 — y) dr dz 
A' (t ^ r,x 1 — X 2 — z) K(t — r, — z) dr dz . 

/o iR 2 \[-^,^] 2 

We have already seen above in (5.38) that the first term on the right hand side 
is bounded by for any m > 1. For the second term, our assumption 

|*iI, |* 2 | ^ yf (which implies that \x\ — CC 2 1 < ^) enters, because it implies that 
for any z ^ [4/ 4/] and for m > 1 we have 


K(t — r,x 1 — x 2 — z) 


< 


1 

( M °~ ) 

1- 1 1 

/f-rx 

exp | 

t — r 

^ 16 (t — r)) 

1 t - r 1 

l M 2 J 


Therefore, we can conclude that 

rt 

K(t — r, a,’i — X 2 — z) K(t — r, —z) dr dz 


< 


0 ./R 2 \[-f^] 2 
1 rt 


M 2r) 


1 


(t-r) m 1 K(t-r,~z)drdz< m ,T ,, 2 . 
0 *r 2 M 


and (5.35) is established. 

Finally, in a similar way we get 

OO (^*15*2) (t,t, X± *2) 

ft /> 

{K(t - r, Xi - a; 2 - z) - I< M {t — r,x 1 - x 2 - z)) 


(5.39) 


x AT M (f — r, —z) dr dz . 


We use once more the fact that |xi + x 2 | ^ -/ and argue as in (5.37) to see that 
uniformly over ze [-f,y] 2 we have 


I K(t - r,xi - x 2 - z) - K M (t — r,xi - x 2 - z)| 


1 

t — r 


ft - r\ m 
V M ) ' 


So that after integrating out the remaining kernel Km in (5.39) we get the bound 
(5.36). □ 


It remains to treat the case of non-zero initial condition A'o for (5.16). We will 
need the following lemma only in the case d = 2, but as it causes no extra effort, we 
state and prove it for arbitrary spatial dimension. 

Lemma 5.7. Let |a| < 1, 1 < p < 00 and a > 2. Fix X £ . For every M ^ 1, 

there exists an M-periodic distribution Xm £ such that for every test function 

</> with compact support contained in B(0, ^f), we have 
(5.40) (X M , </>) = (A, </>). 

Furthermore, the Xm are bounded in Bp’ff uniformly in M and converge to X in 
every space Bp’ff for a < a and d > a. 

Proof. Let (j) £ C%° be such that 

(f = 1 on B( 0,1/4), (j) = 0 outside of B(0,1/3), 

and let </m = We define 

Xm = 4>mX. 
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By Lemma 3.28 and the multiplicative inequality, Xm is well-defined as an element 
of Bp’p , and moreover, 

sup ||X m ||- q ,„ < oo. 

A4>1 p - p 

Since Xm is supported in B(0,M/3), we can define the M-periodic distribution 

Xm = E X M {-— z). 

z&MZ d 

This distribution satisfies (5.40). We now show that 

sup \\X M \\^o,, a < oo. 

M^l p ’ p 


(It will be clear that the proof can be adapted to yield that for every M, Xm is in 
Bp ’^ 1 .) We start by writing, for any k ^ — 1 and M ^ 1, 

S k X M = S k x^ + 4 x ( ° ut \ 


where 


= E S k X M {- — 2 )l[_M i M) d (- - z), 

zeMz d 

6 k X { ° ut) = Y s k X M (- l [ _M ; M )d (- - z)) . 


zeMi d 


For 5 k X^\ we get 


mx^\\ p LP = y 


zGMZ d ' 


\S k X M (x — z) | P lj_M My{x — z) w c r (x) Ax 

\S k X M {x)\ r ’ E ihcr(a; + z) dx . 

! zeMZ d 


For i£[y, yy) d , we can write 


Yj ™<r( X 

zeMz d 


z) = w a {x) + Y 

zGMI. d 

z^O 


1 

\x + z\% 


< w a (x) 


< w<j(x) + M G , 


E — 
EE n<t 

z±- 0 


where we have used that fact that uniformly over M ^ 1, x £ [4f, yr) d and 
o/ze MZ d , we have |z| < |x + z|. Observing that uniformly over M ^ 1 and 
x € [yy, yr) d , we have w a {x) > M _<T , we can conclude that 

E 4 r(® + z) < U>a(x) , 

zeMz d 


and hence I^ETIIyv £ I|4 *m|£. 

-L'cx -L*. 

--(out) 


In order to treat SkX { M , we recall that SkXM = Vk *Xm, where r]k = 2 2k rf(2 k -) 
and rj £ S. Formally, 

rik(x - •) 


|4X m |(x) = / %(x - -)X M = 


<t>2 m Xm w 0 


and arguing by density, we obtain by Proposition 3.23 that 

Vk(x - ■) 


\S k X M \(x) ^ 


-02 M 
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Since r/ € S, it is straightforward to check (using for instance (3.8)) that for any l, 
there exists C < oo such that uniformly over M ^ 1 and |x| ^ M, 

\S k X M \(x) < j^ 7 ll^M||ga ;; . 

This bound allows to give a uniform bound on SkX^ ut \x). We can assume without 
loss of generality that x £ [4f, 4y) d and write 

5 k X { ° ut \x)= hX M {x-z)<\\X M \\^. ; Y, 

zGMZ d zeMZ 

2^0 2^0 

< \\X M \\g„, ; 2- kl M- 1 . 

Integrating the p-th power of this uniform bound against w a , we obtain the desired 
bound on ||<5fcA^° ut) ||£. p , and hence the uniform in M bound on HAmII^,^- The 

fact that UXmII^.m < oo follows by the same arguments. 

To see the convergence of Xm to X as M tends to infinity, we only need to recall 
that by Proposition 3.29 and (3.10), the embedding of into B“£ is compact, 
and that every accumulation point is identified to be A' by (5.40). □ 


2 kl \z + x\ l 


For M ^ 1 and every integer n ^ 1, let Z :n: and Z'^ be the modifications 
constructed in Theorem 5.4 (we drop the tildes for notational convenience). We 
define 


V(t) = e At X 0 V M (t) = e At X 0;M , 

where Xq-m is the periodic distribution constructed from Ao as in Lemma 5.7. We 
also define 


c(t) = [ [ K(r,x) 2 dx= 1 °^—c M (t) 

Jt J r 2 8 tt 

It is easy to see that uniformly in t € [0,1], 



K M (r , x) 2 dx. 

M 12 

2 J 


(5.41) |c(t) - C M (t)| < 4||^l M ||| 2([0il]xffi2) < (-) — e 2 , 

where 1 m is used as a shorthand for the indicator function of the set {(t,x): x ^ 

hff] 2 }. 

Finally, we set 

(5.42) Zf = Z t = Z(t) + V(t) , 

Z? = (Z :2: (f) - c(t)) + 2Z (t)V(t) + V{t) 2 , 

Z? = (Z :3: (f) - 3c(i)Z(t)) + 3(Z :2: (f) - c (t))V(t) + 3Z(t)V 2 (t) + V{tf , 

and we define Z^, Z ) 2 ^, Z' 3 '^ by replacing all the distributions Z,Z :2: ,Z :3: ,F and 
c by Zm-Z'm,Z :3 ^, Vm, c m in the definitions above. 


Remark 5.8. We introduce the additional constant c (t) to be consistent with the 
smooth approximation referred to in Remark 1.4 (and with [DPD, Ha] as well as 
our companion paper [MW]). 

As in Section 1.1, let be a regularised space-time white noise, and let Zg be 
the solution of the stochastic heat equation (5.16) with £ replaced by £ 5 . For every 
positive S , Zg is a smooth function, and hence arbitrary powers of it can be defined 
without ambiguity. Furthermore, Ito’s formula for iterated stochastic integrals (see 
[Nu, Prop 1.1.3]) shows that 

Z 4 ->Z, Z 2 — cg(t) —>• Z :2: , 


A ~ 3c 4 (i)Z 4 ->■ Z :3: , 
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where cs(t) = ||-£CL[o,t]xR 2 * P< 5 ||| 2 ( RxR 2 )- Indeed, [Nu, Prop 1.1.3] immediately 
implies that this convergence holds in L 2 (fi, T, P) for fixed time t and test function <j>. 
Adapting the argument in Theorem 5.4, it is also possible to establish that this 
convergence holds in weighted Besov spaces (see [Ha, Section 10] for calculations in 
this spirit). 

However, above we announced that the renormalised powers arise as limit of a 
renormalisation procedure with time-independent normalisation constants. The 
time dependence of the c(t) is somewhat artificial and only arises because of our 
choice to start (5.16) with zero as initial datum. 

This issue can easily be removed by setting 

c 5 = ||-^l[0,l]xR 2 * A5 |Il 2 (RxR 2 ) 

and defining the renormalised powers as limits of 

Z 2 - c <5 and Z 3 5 - 3c s Z s 

The c(f) in the definition of Zf : arise as the limit of C 5 — c $(t). 

We summarise the results of this section in the following corollaries. The second 
integrability index of the weighted Besov spaces will not be important, and from 
now on we will always choose it as oo. The first corollary will be used as input in 
the construction of the periodic solutions on a torus, see Section 6 . 

Corollary 5.9. Fix 0 < a ^ 1 and T > 0, er > 2 and p ^ 1. We assume that 

x 0 eB~^. 

Then for n = 1,2,3, a = a + | and a' > a we have for every 1 ^ M < oo 
(5.43) E sup t^-^WZ^r M < oo . 

0 <t^T ° 00,00 

Proof. First we observe that for M < oo the bound (5.21) implies for all n 

E sup ||Zft ! (t)||* < oo . 

O^t^T ° 00,00 

Indeed, we can chose a = f and p = ^ V p to get 

E sup \\Tffp{t)r < (E sup ||Z£ ! (i)||* ) f 

Prop. 3.7,(3.10). _ . E 

< (E sup \\Z%m P & , M ) P <00. 

v °p.p 7 

We get for any /3 ^ — a 

Prop. 3.11 a+p a+fl 

||Vm(£)||#0.^ ~ t s* II^OiMlIg-^ t a ||^0 ;m|Ib-°. m 

Lem. 5.7 aJ _ s 

< t— \\X 0 \\g- r ■ 

Furthermore, (5.41) implies that c m(£) < 1 + (log(f _1 ) V 0) uniformly over t £ 
(0, W]. The desired bound (5.43) then follows from the multiplicative inequality, 
Corollary 3.21. □ 

The following corollary will be used together with the a priori bounds of Section 7, 
to show the convergence (along a subsequence) of the periodised solutions when M 
goes to infinity (see Section 8 ). 
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Corollary 5.10. Fix 0 < a < 1, T > 0, a > 2, p ^ 3, and assume that X 0 € . 

For every a' > a and a > a, with probability one, there exists a sequence ( Mk)k 
going to infinity such that for n = 1 , 2 ,3, 

sup sup t {n ~ 1)a '\\Z%h oo , 

k OCt^T £,oo 

lim sup i ( "- 1 )a '|| Zi n: - Zj^ k \ |gw.* = 0 . 

fc - >oo 0<t^T 

Proof. By (5.19) and (5.22), with probability one, there exists a sequence (. Mfi)k 
going to infinity and such that for n = 1,2,3, 

sup sup ||Z$■ (*)||-»,„ < oo, 

k O^t^T £,«> 

lim sup ||Z :n: (t) - T^ {t)\\^- a , s = 0 . 

k^oo 0 

Furthermore, according to (5.41), we have 

cm (t) < 1 + (log(t _1 ) V 0) , 
lim sup \c M (t) - c(t)\ = 0 , 

where the implicit constant in the first inequality is uniform in M. Finally, Lemma 5.7 
and Proposition 3.11 imply that 

lim sup t^~\\V M {t) - P(i)||s- 7 ,cr = 0, 

°P.oo OO n</<T °p,oo 


where the first inequality is valid for any 7 ^ —a and the second for 7 ^ —of. 

This bound and the multiplicative inequalities in Corollaries 3.19 and 3.21 imply 
that for any a" > a and 7 ^ — a in the first inequality and for a" > of and 7 ^ — of 
in the second inequality, we get for n — 1,2,3 that 



(n-l)o"+T + IlQ 

< t -$- 


(n-l)a" + 7 + (n 

lim sup t 2 

O^t^T 


1 )°+°' 


\\vm-v n {t)\\ 



=0 . 


We can always choose a" such that a 2 t ~ a < a'. Then the desired bound follows 
from another application of the multiplicative inequality, Corollary 3.21, using at 
several places the fact that according to (3.10) decreasing the integrability index 
only makes a Besov norm weaker. 


6. Construction of solutions on the torus 


The aim of this section is to show existence and uniqueness of global solutions of 
( 1 . 6 ) in the periodic case. 

Since for the most part, the index q in will not play an important role in 

our analysis, we introduce the slightly lighter notation 


( 6 . 1 ) 


£a,M . 1 oot,M 

Op . oo * 


Let 0 < a < a' < 1/3 (that we think of as being small), ft £ (1,2) (that we think 
of as being close to 2) and T > 0. For Z = ( Z , Z^ 2 \ Z^) in the set 


C([0,T],6-“’ m ) xC(( 0,T],S-“' m ) xC(( 0,T],13-“’ m ), 


we write 

(6.2) \\Z\\^m 


sup 




V t° 


7(2) I 


V t 


2ot' 11 ^( 3 ) 


, M 


□ 
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(recall that a V6 stands for the maximum between a and b). We let be the set of 
Z such that this norm is finite. For Y £ C([0,T], Bf M ), Z = ( Z , Z^ 2 \Z^) £ 
and t ^ T, we write 

(6.3) z t ) = -Y t 3 - 3Y 2 Z t - 3 Y t Z t (2) - Z t (3) + a(Y t + Z t ). 

The multiplicative inequalities imply that ^(Y^ZJ is well-defined for every t > 0 
(it actually suffices that Y belong to C([0, T\. Bf ,M ) for some a" > a). For a given 
To € Bf M and T > 0, we wish to solve 

d t Y = AY + T(T, Z) on [0,T]xK 2 , 

no,-) = y 0 , 

which we interpret in the mild form. That is, we say that T solves (6.4) if T £ 
C([0, T],3f M ) and if for every t < T, 


(6.4) 


Y t = e 


tA Y 0 + [ e (t - s)A T(Y;,ZJds. 

Jo 


We let Sf M (Y a , Z) be the set of solutions of (6.4). 

The goal of this section is to prove the following global existence and uniqueness 
result for (6.4). 

Theorem 6.1 (global existence and uniqueness on the torus). For every /3 £ 
(1,2), the following holds for 0 < a < a! sufficiently small. Let T > 0, M > 0, 
Z = (Z, Zi 2 \ Z^) £ and To £ Biff 1 . There exists exactly one solution of 

equation (6.4) over the time interval [0,T]. In other words, the set Sf M (Y 0 ,Z) is 
a singleton. 

Theorem 6.2 (local existence and uniqueness on the torus). Let [1, oo) be such 
that 


(6.5) 


■P 


-) < 1 , 

Py 


let Z = (Z, Z^ 2 \ Z^) £ and I\ > 0. There exists T * such that for every 
To £ Bf M satisfying ||To|| tp ^ K, equation (6.4) has exactly one solution over the 

M 

time interval [0, T* AT]. In other words, the set Sf AT,M (To,Z) is a singleton. 

Remark 6.3. The condition on a', j3 and p displayed in (6.5) can be improved. Note 
that it suffices to assume of to be sufficiently small to ensure that a p £ [ 1 , oo) exists 
that satisfies (6.5). 

Proof of Theorem 6.2. An important aspect of the theorem is that we want T* to 
depend on T 0 only through the bound K on ||T 0 || f v . In order to achieve this, we 

M 

split the construction of a solution into two steps. In the first step, we construct a 
mild solution using only the information that To £ L P M ', the price to pay for this is 
that the solution will be defined in a larger space than anticipated. In the second 
step, we show using the additional information that To G &f M that the solution 
thus constructed belongs to C([0, T*], Bf M ). Finally, we argue about uniqueness in 
a third step. 

Step 1. In view of (6.5), we can choose a" > a! such that 


■P 


+ 3 (a" + 


- <!■ 
Pj 

a" \ 


We construct a solution of (6.4) in C((0,T*],Bf ,M ) by a fixed point argument. Let 
7 be such that 


7 > a" + - and 
P 


+ 37 < 1. 


( 6 . 6 ) 


2 
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For notational convenience, we assume that T ^ 1. For any T* ^ 1, we define the 
norm 


PIIt* = sup 


O^t^T* 


and the ball 


*r* = {Y eC((0,T],B^'- M ) : ||y|| T *<l}. 


For Y £ we let 

(6.7) JK T *Y(t) = e tA Y 0 + [ e (t ~ s)A ^(Y s ,Z s )ds (i<T*). 

Jo 

Our aim is to show that for T* small enough, the operator t* is a contraction from 
£$t* into itself. To begin with, it is clear that for every t, ^r*Y{t) is M-periodic. 
We now argue that for T* sufficiently small, .Mt* maps SSt* into itself. (The 
periodic versions of) Propositions 3.7 and 3.11 ensure that 


|e‘ A ^o|U 


< lle tA Fr 


oil -«"+§, 

8 „ p 


<t-(^)\\Y 0 \y,M<t~(^)\\Y c 


oil£?,« 


where we used Remark 3.6 in the last step. From this, one can check that 1 K► e tA Yo 
is in C(( 0 ,T],S^ ,m ), and moreover, 

lll e ’ A ^o Hr* 

can be made arbitrarily small by taking T* small enough (in terms of K) since 
7> 1r + p- 

Concerning the integral term in (6.7), we observe that by the multiplicative 
inequalities (and the trivial embedding of Besov spaces B^ M as a varies), 


5, \\Y„\ 




+ P^sllga'CM 


( 6 . 8 ) mYs,Z s )\\^,u 

+ + \\ Z i 3 ) h- 

Moreover, since \\Z\\g M is finite (see ( 6 . 2 )), if Y £ , then 


+ ll"^ + II II eg 


\*(.Ys,Z s 


< s~ 3j + s~ 2j + , 


-2a' < -3 7 _ 


since we assume that 7 > a” > a!. As a consequence, using Proposition 3.11 again, 


gMA^^^Jdg 


< 


(a^a") 

< 


< 


(t-sr^\\*(Y s ,z s 


(f-s)-“V 37 ds 


ds 


jl—a."— 37 


where we used the fact that a" < 1 and 3y < 1 in the last step. Recalling ( 6 . 6 ) 
and 0 > 1 , we see that 1 — a" — 2 y > 2 — 0 — a" — 67 > 0 , so that the right-hand 
side above multiplied by t 7 tends to 0 as t tends to 0. The fact that the process 
1 1 ->- Jq e (t- s ) A v]/(y s , Z_ s )ds taking values in B^ M is continuous poses no additional 
difficulty. Hence, we have shown that the ||| • |||y*-norm of this process can be made 
arbitrarily small provided that we choose T* small enough. 

This concludes the proof that for T* sufficiently small, the operator maps 
into itself. The contraction property then follows along similar lines. 

Step 2. We now take the solution Y £ C((0, T*], B^' ,M ) constructed in Step 1 and 
show that it actually belongs to C([0, T*], B^ M ). Recall that 

ft 


Y t = e tA Y 0 


+ [ e {t ~ s)A d>{Y s ,Z s )ds, 
Jo 
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and that we already know that 


< oo. 


By Remark 3.13, the function t ha e tA F 0 belongs to C([0, T*], B^ M ). Similarly to 
what was done in the previous step, we can estimate 

ft 


[ e^ A ^(Y s ,Z s )ds 
Jo 


< 

fit - 

s) 



Jo 



< 

fit - 


^s-^ds 


Jo 



< 

1 <*+p 

t 1 —~ 

-37 

7 



a) 110- 


ds 


since we have < 1 and 3y < 1. The continuity of t ha f* e^~ s ^ A d/(Y s , Z s )ds in 
B^ M at any point in (0, T*] follows along the same lines. The continuity at time 0 
follows from the fact that (recall (6.6) and a < a") 


a + 
2 


+ 3q < 1. 


Step 3. For T* as defined by Step 1, let Y, Y £ ,M (Y 0 , Z). We wish to show 
that Y = Y. Since Y, Y £ C([0, T],B^ M ), it follows from the reasoning in Step 1 
that one can find T** ^ T* depending only on 

sup ||i*|| g/3,M and sup ||F t || gl3,M 

t^T* 00 t^T* 00 

such that both Y and Y belong to Since T** ^ T*, the argument in Step 1 

ensures that is a contraction from into itself. As a consequence, Y and 

Y coincide on [0,T**]. We can then iterate the reasoning (keeping the same T **) 
and thus guarantee that Y and Y coincide on the whole interval [0, T*]. (Note that 
this argument is easily adapted to show the uniqueness part of Theorem 6.1.) □ 

In order to upgrade the local existence result to a global one, we need a control 
of the L p m norm of the solution. 

Theorem 6.4 (A priori estimate on the torus). Let p be an even positive integer 
such that 

(6.9) a'(p + 2) < 1 and — + 3 H—^ <1, 

let T > 0, M > 0 and Z £ . There exists C < oo such that ifYG S ^ ’ M (Yq,Z )) 

for some T* ^ T, then 

SII P \\Yth? < Pollzp +C. 

O^t^T* M M 

At a formal level, the idea for proving this a priori bound consists in testing 

equation (6.4) against Y p ~ l , which leads to a useful identity concerning 9 t ||Ft||? . 

.M 

The rigorous derivation will need several preliminary steps, starting with a time 
regularity estimate. 

Proposition 6.5 (Time regularity of solutions). Let Y £ SfJ M (Y 0l Z), and assume 
that (6.9) holds for some p. For every k < /3/2, Y is n-Holder continuous as a 
function from [0,T] to L^- 

Proof. We show Holder regularity of Y at time 0, the adaptation to arbitrary times 
in [0,T] being straightforward. For conciseness, we write 

(6.10) 'F s :=’F(y s ,Z s ). 
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By definition of the notion of solution, we have 


Y t =e tA Y 0 + [ e (t - s)A f s ds. 
Jo 


The fact that t ha e tA Y 0 is /-e-Holder continuous as a function [0,T] -A L^ is a 
consequence of Proposition 3.12 (and Remarks 3.4 and 3.5) and of the fact that 
To £ B^ M . For the time integral, we use (6.8) again (but with the additional 
information that Y £ C([0, T\, B^ M )) to obtain that 

(6.11) "’ Tf 11 ^ "" 2q/ 

so that 


!'l' s ||g- Q ,M < S 


,ds 


< 

< 

(0'^Q! / ) 


fit-s) 

Jo 

fit-s) 

Jo 


l^allg. 

—a. —‘lot' 


-a,M ds 

ds 


.l-3a' 


< t 1 

The result follows since 1 — 3a' > /3/2 by (6.9). 

We denote by (•, • ) M the scalar product in L 2 M . 


□ 


Remark 6 . 6 . By Proposition 3.23, for every 7 £ R, the mapping (/,<?) 1 —> (f,g) M 
extends to a continuous bilinear form on Bf^ M x BfJ ,M , and thus also on B^ M x 
6 T 7+e,A/ for every e > 0 by Remarks 3.3 and 3.4. In particular, by Lemma 3.2, 
we see that for every a £ R and M-periodic </> £ C°°, the mapping / ha {/,(/)) m 
extends to a continuous linear form on B^ M . 

Proposition 6.7 (A mild solution is a weak solution). IfY £ S^ M (To, Z_) , then 
for every </> £ and t < T, 

(6.12) (Y t , (f>) M — (Y 0 , cj)) M = f [-{VY s ,Vct>) M + (*{Y s ,Z s ),<i>) M }&s. 

Jo 


Proof. Step 1. Recall our notation (6.10). We first show that for every M-periodic 
0 £ C°° and t < T, 

(6.13) (Y t ,cl>)M ~ (Y q ,4>) m = f [(Y s ,A^M + ('f 3 A) M \ ds- 

Jo 

Since Y is a mild solution of (6.4), 

[ (Y s ,Ac/ ) ) m ds= [ (e sA Y 0 + f e ( s -“) A v]/ u du,A</>\ ds. 

Jo Jo \ Jo / M 

Observe that for every s > 0, 

<e sA T 0 , A0) m = (Ac sA T 0 , 0) m = 5 S <e* A r 0 , cf>) M , 

so that 

[ (e sA Y 0 , A 4 ,) ds = <e tA T 0 , 4>) M - {Yo, 4>) M ■ 

Jo 

Similarly, we compute 



Ae (*-«) A $ u duds 


Ae (s -“ )A T u dsdu 

f (e (t_,i)A — Id)T„du. 
Jo 


/ 0 J u 
r t 
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Combining the two, we obtain 

f (e sA Y 0 , At) M ds 

Jo 

= (e tA Y 0 + [ e^ A ^ u du,t) -f (^ u ,<t>) M du-(Y 0 ,t) M , 

\ JO I M Jo 

which is (6.13). 

Step 2. We now conclude the proof. First, the mapping / i-a (V/, V</>) M is 
continuous over , so we have ( Y s ,At) M = ~ (VY,, V</) M . Hence, for every 
t £ C°°(K 2 ), 

(Yu <P)M - Oo, t) M = [ [- (VH S , V</>) M + (*s, 4 >)m\ ds- 
Jo 

It then suffices to argue by density using (6.11), Proposition 3.8 and Remark 6.6. □ 

We are now ready to derive a rigorous version of the identity on 9 t ||F t ||? alluded 
to before. 

Proposition 6.8 (Testing against Yp 1 ). Let Y € SfJ M (To, Z)■ For every even 
positive integer p such that (6.9) holds, 

l(\\Yt\\ P LP - rollup )= r [-(p - 1) (VY„ Y P ~ 2 \'Y S ) M + 8) Yp 1 ) ] ds. 

Remark 6.9. We could of course extend Proposition 6.7 to allow for functions t 
that depend smoothly on time. This would bring about the additional term 

(6.14) [ (Y s ,d s ta) M d«- 

Jo 

However, since t i-A Yp 1 is only Holder continuous in time (see Proposition 6.5), 
it is not clear a priori how to make sense of (6.14) for t = Y p_1 . In essence, the 
argument below consists in noticing that we can make sense of Young integrals 
when both the integrand and the integrator are Holder continuous for an exponent 
strictly above 1/2. 

Proof of Proposition 6.8. We begin by observing that, for any 0 ^ u ^ v ^ T, 
\\Y V \\ P LP - \\Y u \\ p lp = (Y v ,Yp 1 ) M - (Y u ,Yp 1 ) M 

M M 

= (Yv^r^M (Yu^p-^m + ('W 1 - YP-^m , 

so by Proposition 6.7, 


lin||£ P - \\Y u \\ p lp - (Y v , YP- 1 - Y p ~ 1 ) M 

M 

= r[-(vy s ,v(Fr 1 ))M+<^^r 1 ) M ] ds - 

J u 

For any subdivision t = (to,... ,t n ) such that 0 = to ^ ^ t n , = t, we thus have 

\\Yt\\ P LP -\\Y 0 \\ p Lp -G(t) = 3(t), 
where we used the shorthand notation 

©(*) = E( y ** +1 » y C 1 - 1 ti' 


-l 


2 = 0 


M 


2 _ l r t i +1 / \ / 

m = e / [- ( v n, v(F t r 1 )) M +(*., Y p - 


2=0 ' 


M. 


ds. 
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Since t >->■ Y t is a continuous function from [0, T] to B^ M with j3 > 1, in particular 
t VY t is a continuous function from [0,T] to by Proposition 3.8. Using also 
(6.11), one can check that as the subdivision gets finer and finer, 

m -+ f [-(P- 1) (VY s ,Yf~ 2 VY s ) M + (^Yf-^J ds. 

Jo 

We now argue that as the subdivision t gets finer and finer, 

(6.15) saw — (\\Y t \\ P LP — PoII^p ) • 

p V 

Note that 

(6.16) Y*~l - YP- 1 = (Y ti+1 - Y t . ) (Y£+i + • •' + XT 2 )- 

We show that the contribution of each term in the sum above is asymptotically the 
same as the contribution of the first one. For instance with the last term, 



Since 1 Y t is bounded in L P M , an application of Holder’s inequality leads to 


(r„ + .(r.r 3 + ■ ■ ■ + - Y >y) M 


< IIW ,, -Yt. 


< 


l^z+l ti 


2k 


for some n > 1/2, see Proposition 6.5. We can argue similarly for the other terms in 
the sum (6.16). This estimate implies that as the subdivision t gets finer and finer, 
the difference between &(t) and 


n— 1 


(6.17) 


E (y u+1 ,(p - 1 )Y p ;?(Y ti+1 - Y ti )) 


2—0 


M 


tends to 0. The same argument also shows that the difference between 


n— i 

'h, - £ (I’ 




2—0 


) 

^ M / 


and 

(6.18) 


2—0 




tends to 0. Since the quantity in (6.17) is (p — 1 )/p times that in (6.18), these two 
observations imply (6.15). □ 


Proof of Theorem 6.f. Recall that \E <(Y S ,Z^ S ) is defined as a sum of terms, see (6.3). 
If we decompose it as \E ’(Y S ,Z_ S ) = —Yjf + ^'(Y a ,Z_f), we can then rewrite the 
identity of Proposition 6.8 as 


(6.19) 



ip- 1) y s p ■ ivu s 


un p+ 2 ih. 


ds 


= f (V(Y s ,Z s ),Yr 1 ) M ds. 
Jo 
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We will now show that the integrand on the right-hand side is controlled by the 
integrand on the left-hand side. For notational convenience, we write 


A k = 


n p - 2 ivni 


b s = I|}? + 2 IIll- 


Decomposing T' as a sum of terms, we see that the first term we need to estimate 
is (Y^Z s ,YP- r ) M = (Yp +1 ,Z s ) m . By Proposition 3.23, we have 

\(Y s P+\Z s ) m \ < || Y?+% z ,m \\Z s \\^,m. 

By Proposition 3.25, we get 

lin p+1 llg— < l|i7 +1 ll£T“l|i7vy a ||? 1 +||17 +1 IIli m • 

1,1 ^ M M M 

and by the Cauchy-Schwarz inequality, 

ii>7 vy s |i 2 £1 < rr 2 ivni 2 n £lf \\y s p+2 \\ LIi = a s b s . 


Moreover, Jensen’s inequality implies that ||Y/ +1 H m < B £ +2 (where the implicit 

M 

constant depends on M). Using also the fact that sup s ^ T ||Z s ||g-c,,M < oo, we get 


|<i 7 +1 ,z a > 


M 


OL a , / 1 _ ' ) P±1 £+1 

<AJB 2 ( >p+ 2 +B s p+2 . 


( 6 . 20 ) 

This term is controlled by an arbitrarily small constant times (Jl s + B s ). Indeed, 
we observe that since 


- + - + (1 - a) 


p + 1 
' p +2 

one can define exponents 71 < 1,72 <1 such that 


< 1 , 


a 


271 72 


a 


- U + (l-a) 


p + 1 


= 1 , 


2 P + 2 y 

and Young’s inequality (the one for products, not for convolutions!) implies that 

\{Y^\Z S ) M \<A^ + BT + Bp. 

Since sup a , >0 (— x + x 1 ) < 00 for any 7 < 1, it is clear that the right-hand side above 
is bounded by -^(AU + B s ) plus a universal constant. 

Estimating the other terms coming from JP is similar. For instance, the sec¬ 
ond term we need to estimate is (Ysi?i 2 \Yf _1 ) = (Yf,zi 2 A . By the same 

reasoning, 

(Y?,ZW) < \\YfWgaU \\ZQ%- a ,M, 

\ / M 1,1 00 


with 


lin p n 




< 

< 

< 


rr^i^ + PTii^ 
^.llWIlii, + PTIlii, 
\/'ajsI Z +- 


1 _ 2 _ 

b] p+2 


< A 1 . p+2 


1 - — 

B s p+2 


1 __ 2 _ 
B] p+2 . 


where for simplicity, we used Remark 3.26 instead of the full strength of Propo¬ 
sition 3.25 in the first line, and then the Cauchy-Schwarz, Jensen and Young 
inequalities. Since \\Z\\^ M is finite (see ( 6 . 2 )), we have ||Zi 2 ^||g-c,,M < s ~ a ', and 
thus 

' 'y?,zw' 


M 


< I a \ p+2 


bI p+2 


1 - 

■B„ p+2 
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Observing that sup x>0 (—x + ax 1 ) < a 1 —/, we obtain that 


( 6 . 21 ) 

Similarly, 

so that 

( 6 . 22 ) 


A s + B s 


10 


yf,4 2) 


M 


< s -a'(p+ 2 ) 


YF~\zi 3) 


M 


< 


a] y +2 


B s 


B s 


' p +2 \ g -2a' 


A s + B s 
10 


/ M 


< -a'(p+2) 


The remaining terms are treated in the same way. In short, we have shown that 

1 ' rt 

P 

The integral on the right-hand side is finite since a'(p + 2) < 1, so the proof is 


Y t\\ P L P 

^ A 


) < f s _ “' (p+2) ds. 
i' Jo 


complete. 


□ 


Proof of Theorem 6.1. We assume that a' is sufficiently small that there exists a 
positive integer such that (6.9) holds. In order to construct a global solution, we 
take T* from Theorem 6.2 according to the a priori bound on the L P M norm of the 
solution provided by Theorem 6.4, and then simply glue together local solutions 
until the time interval [0,T] is covered. Uniqueness was already obtained in Step 3 
of Theorem 6.2. □ 


7. A PRIORI ESTIMATES 


The goal of this section is to derive strong a priori estimates on solutions of (1.6). 
This will enable us to show that “periodised” solutions of (1.6) constructed in the 
previous section all belong to suitable compact subsets of polynomially weighted 
Besov spaces. 


Our setting bears similarities with that of the previous section. One main 
difference with what was done before is that we will work with polynomially 
weighted Besov spaces instead of “periodised” ones. We assume throughout that 
a > d = 2, and introduce the slightly lighter notation 

*oO;,<T ._ yyOi,<J 

Up . ^p.oo ’ 

Let 0 < a < a' < 1/6, /3 £ (1,2), T > 0 and p ^ 1. For Z = (Z , Z^)) in the 

set 

C([0,T],^ a ’ CT ) x C((0,T],S7 p “’ CT ) x C((0,r],Bp ff ), 

we write 


(7.1) 



sup 

0 <t^T 





We let be the set of Z such that this norm is finite. For Y £ C([0,T],Sf p CT ), 
.Z = ( Z , Z^ 2 \ Z^) £ and t < T, we write 

(7.2) ^ (Y t , Z t ) = -Y t 3 - 3 Y?Z t - 3Y t Z t (2) - Z ( t 3) + a(Y t + Z t ). 


The multiplicative inequalities imply that ty(Y t ,Z_t) is well-defined for every t > 0, 
since we assume p ^ 1. Since we will ultimately only be interested in solutions 
with Yq = 0, we take advantage of this simplification right away and only consider 
solutions of 


(7.3) 


d t Y = AF + $(7,Z) 

Y( 0 ,-)= 0 . 


on [0, T] x R 2 , 
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Again, we will interpret this equation in the mild form. More precisely, we write 

Y £ S^ p a {Z) if Y £ C([0, T},B% p a ) and if for every t < T, 

Y t = [ e^ A nYs,Z s )ds. 

Jo 

We will assume throughout that 

p is an even positive integer such that 

(7.4) a'(p + 2) < 3/4 and 01 + ^ + 3a' < 1. 

Our strategy parallels that of the previous section in that, informally, we want to 
multiply (7.3) by P p_1 and integrate to get information on <9t||Pt||£- p • In order to 

carry the argument rigorously, we first need to assert that solutions of (7.3) have 
sufficient time regularity. 

Proposition 7.1 (Time regularity of solutions). Let Z £ and k < /3/2. If 

Y £ S^(Z), then Y is n-Holder continuous as a function from [0,T] to L p . 

The proof makes use of the following simple consequence of the multiplicative 
inequalities, which will be used again later on. 

Lemma 7.2 (Estimating T). Let a > a. There exists C < oo such that 


<\\Y s r t3p + \\Y s \\^ \\Z s \\ g . a 

L <y V 3p 


C" 1 ||T(F s ,ZJ||g, 

+ \\YsWfr,. + llnllta, + \\Z, 


s 


Proof. Recalling the decomposition of in (7.2), we begin by observing that, due 
to Remark 3.6, 


\ Y Xz 


< IIP. 


s II L P 


= IIPI 


We proceed to estimate 


WY^ZsWg.^ < ||p 2 ||g. 


< II PI 


I z„ 


I z, 


s II ! 


where we used Corollary 3.21 in the first step and Corollary 3.19 in the second one. 
Similarly, 

IIP^ 2) llg-^ < HPIIr- \\zPWg-.' 

U P °2 p U 2p 

<l|P||g^ \\zjf\-*,., 

°3 p °2 p 

where we used Remark 3.3 [or (4.2)] in the last step. For the same reasons, 

\\Z^+Y S + Z S \\^ < \\Z?\_ a ,„ + IIPH^ +\\Z s \\~. a ,„. 

UJ v> ■ LJ cr 


□ 


Proof of Proposition 7.1. As before, we only discuss Holder regularity at time 0. By 
Lemma 7.2 and since Z £ 2?g p and Y £ C([0, T],B% p ) (with /3 ^ 1), we have 

ll'Mg-^ = ||4/(P,Z s )|| g -__< S - 2 “' 


(7.5) 
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(where the implicit constant depends on Y and Z_). Hence, by Proposition 3.11, 


ds 


< [\t-s)~ a ||tt 

Jo 


< / (t-8) 


5|l Bp 
—a — 2 a. 


d S 


d S 


< t 


>o 

l-3a' 


since a' > a. The conclusion then follows by Remark 3.5 since 1 — 2>a' > (3 /2 by 
(7.4). ' □ 


Remark 7.3. As the proof reveals, the index of Holder regularity in Proposition 7.1 
could be improved (for instance, one can choose k = (3/ 2). We prefer to stick to 
the present version, because it corresponds to the general statement with initial 
condition lo G B^f a (compare with Proposition 6.5). 

The fact that mild solutions are weak solutions remains valid in the present 
context (the proof being the same as that of the first step of Proposition 6.7). We 
denote by (•, •) the scalar product in the unweighted L 2 space. 

Proposition 7.4 (A mild solution is a weak solution). If Z_ G and Y G S^ p a (Z), 
then for every <j> G CjP and t ^T, 

(7.6) (Y t , <f>) = [ [(Y s , A<£) + (H>(Y s ,ZJ,<f>)] ds. 

Jo 


This can be upgraded to the following statement. We denote by (•, ■ ) CT the 
scalar product in L^., which can be extended to distributions outside of L\ through 
Proposition 3.23. 

Proposition 7.5 (Weights and more general test functions). There exists C such 
that the following holds. For every Z G Y G S^ p a (Z) and G B p f (with p' 
the conjugate exponent of p), 

(7.7) {Y t ,4>) a = f [-(VF s ,V0) ct + (T(F s ,Z s ),^) ct ] ds+Err(f), 

Jo 

where the error term satisfies 

(7.8) |Err(t)| < C7 A|VP S |, \<t>\)„ ds. 

Jo 

Proof. We first argue that (7.7) holds for smooth, compactly supported <j), and then 
conclude by density. 

Step 1. For any 0 G C%°, 

(Y s , Acf) = -(VY S ,V<I>) 

in the sense of distributions. In fact, since Y G with j3 > 1, in 

particular VT S belongs to Lr'J' (in the sense that each coordinate of VT belongs to 
this space, see Proposition 3.8) and the right-hand side above can be interpreted as 
a space integral. We apply Proposition 7.4 with (f>w a as a test function [recall that 
w a was defined in (4.1)]. We observe that the gradient of this function is 

(V0)u; CT - °A| ^ 4>Wa- 


=:G 
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We have established (7.7) for 0 £ Cf° and with 


(7.9) 


Err (4) = f (VF s ,G0) CT ds. 
J o 


Step 2. We now conclude by density. In view of Proposition 3.8, we have VF £ 
C([0,T],B^~ l,tT ) (in the sense that each coordinate of VF belongs to this space). 
Hence, for smooth, compactly supported <j> and 0, 

f | (VF S , V0) CT - (VF S , V0) CT | ds < ||V0- V0||gi_ flf(7 < ||0 - Up-,," 

Jo p'M p'M 

by Propositions 3.23 and 3.8, where p" is the conjugate exponent of 3 p. Similarly, 
we infer from (7.5) that 

/ J(^ s ,0)ct - (^s,4>)a\ ds < ||0 0||go ,a . 

JO p'.i 

The other terms can be treated similarly (using also the fact that G is uniformly 
bounded). Since a < 1, 2 — /? < 1 and p" ^ p', we can use Remark 3.3 [cf. also 
(4.2)] and obtain by density that for every 0 £ £y, 

(Ft,0 )(t = [ [-(VF s ,V0) ct + (\E- s , 0) ct ] ds+Err(t) 

Jo 

with Err(t) given by (7.9). The bound (7.8) follows from the fact that G is bounded. 

□ 

Proposition 7.6 (Testing against Yf~ ). Recall that we assume (7.4). There exists 
C < oo such that if ,2^ and Y £ S^ CT (F), t/ien 

1, 


P 

with 


Y t\\ p ?p = f [-(p-l)(VY s ,Yr 2 VYO„ + ^(Y s ,Z s ),YrX] ds + Err p (t), 

Jo 

|Err p (t)| <G f (|VF S |, |F s | p -^ds. 

Jo 


Proof. We first check that we can use Proposition 7.5 with 0 = Yf~ x for a fixed f, 
that is, we check that F/ _1 € where p' is the conjugate exponent of p. By the 
multiplicative inequality (Corollary 3.19), 


IF/- 1 1 


BY 


< IIF t l|P_1 


* B 1 

(P-1)P 


HIFIIg 1 .. 


Since Y t £ B^’ a and fj > 1, we have indeed F t p 1 £ B 1 ;' 7 . As a consequence, we can 
proceed as in the beginning of the proof of Proposition 6.8, i.e. write 

l|F„||f p ^ ||F„|| P - (F„, F p_1 - F/” 1 ). = (F^F/- 1 ). - (F^F*" 1 ),, 

L'ct 

and then use Proposition 7.5 to obtain that for any subdivision t= (to, ■ ■ ■, t n ) with 
0 = to < • • • Y t n = t, 

l|F(||~ p - ||F 0 ||£ - 6 (t) = Mt) + Mt) + Err (t), 


where 


6(t) = ^(F i+1 ,F p ; i 1 -F p - 1 ) ff , 




2—0 

n-i r t <+1 


(VF s ,V(F p - 1 )) CT ds, 


2=0 ' 
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n 1 rti+i 

Mt) = E / 


2—0 


and 


71 1 + l 

|Err(£)|<C^ / (|VF s |,|F t ,r : l ) (T da. 

i=0 "' ti 

By Proposition 3.8, the function t i-a VY) belongs to C([0, T\, Moreover, 
a direct adaptation of the argument at the beginning of this proof shows that 
t i-a Yf~ L belongs to C([ 0 , T], ), and as a consequence, the function t VY/ 3- 

belongs to C([0,T], B°f). By Proposition 3.23 (and since /3 > 1), this suffices to 
ensure that as the subdivision t gets finer and finer, 

3i(*)->- / (vy 8 ,v(i7- 1 )) (T d S , 

Jo 


and similarly, 


n-l /-ti+i rt 

E / (ivnu^r^ds^ / (|vy,|,inroads. 

i=0 1 '° 

Now, using (7.5) and the fact that t i-A d> t is in C((0,T],S““ ,<T ), together with 
the fact already seen that t i-A Yf~ x is in C([0,T],B p f), we obtain that as the 
subdivision gets finer and finer, 

Mt)^ [\^ s ,YrXds. 

Jo 

There remains to check that as the subdivision t gets finer and finer, 

6(a - (kii|, - K.iii,) ■ 

The proof is the same as that of the similar statement (6.15) in the proof of 
Proposition 6 . 8 . We only need to verify that the function t ha Y t is ^-Holder 
continuous as a function from [0,T] to L for some k > 1/2. This is guaranteed by 
Proposition 7.1. □ 


Proposition 7.7 (A priori estimate in L?). Recall that we assume (7.4). For 
every I\ < oo, there exists C < oo such that if Z_ £ satisfies ||2[|| ~ ^ K, 

“op 

Y € Sl p \Z) and t ^ T, then 

(7.10) ll^tllfp + r || 17 “ 2 |VP s | 2 || £i da < c. 

Jo 

Proof. As in the proof of Theorem 6.4, the starting point is to decompose \E>(Y),, Z^ s ) 
into — Yff + T(., so that the identity derived in Proposition 7.6 becomes 


(7.H) -mii^ 

fJ ‘-‘a 


(p-i)||Yr 2 ]vy s | 2 || £l + p7+ 2 || 


Ll 


ds 


< 


t [(4/ / g,F s p - 1 ) CT + C(|VF s |,|Wr 1 ) ff ] ds, 
Jo 


We write 


A.= 


Y s p - 2 \VYs\ 


Ll 


B s = \\Yf>+*\\ tl . 


We will now show that the integrand in the right-hand side of (7.11) is bounded 
by a linear combination of terms of the form C'||Z|| 7 Y s -72 A / 3 B] 4 . We will then 

summarize all the terms into Table 1, analyse the value of the exponents 71 ,... , 74 , 
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and conclude. The integrand in the right-hand side of (7.11) is a sum of two terms. 
We begin with the second one: 

(|vni, i y.r 1 ), < £J 2 \\y?\\V 2 < a]/ 2 bp^+ 2 \ 

cr 

by the Cauchy-Schwarz and Holder’s inequalities. This estimate is reported on the 
first line of Table 1. 

We now move to the study of (*1We decompose 4T into a sum of 
terms that we will analyse in turn: 

T' = -3Y 2 Z - 3 YZ (2) - Z (3) +aZ + aY. 


|(y s 2 z s ,rr 1 ) CT | = \(Y? + \z s U < ||i7 +1 ||. 


r- Z,g~* 
V'.i 3 p 


where we used Proposition 3.23 for the inequality, and where p" is the conjugate 
exponent of 3 p. On the one hand, 


A; 


^ II Z 




3 p p 

On the other hand, we would like to use Proposition 3.25 to estimate ||yf +1 1| g CICia . 

p" ,1 

Compared with the proof of Theorem 6.4, a new difficulty appears since Proposi¬ 
tion 3.25 gives an estimate of the norm in Besov spaces with lower indices equal to 1, 
while we have p" > 1 here. We solve this difficulty by appealing to an interpolation 
inequality, for which we now introduce some notation. Let 


(7.12) 
so that 

(7.13) 


q = 


p- 


p + l 


and 


P- 


l~v 

1 


3 P 

v 

q 


e (0,1), 


Note that 1 — v > 1/3, while a < 1/4 since we assume a < a’ and (p+ 2)a' < 1. 
Hence, there exists ot\ < 0 such that 


(7.14) 


3(1 - v) 

a = ---b vot\. 


The interpolation inequality (Proposition 3.10) now reads 

\\y s p+1 \\s^ <nn p+1 i&„ 


°i,i 


Since a\ < 0, by Remarks 3.4 and 3.6, 


\\Ys P+ %^« <\\Y S P+ X<, = Bp ■, 

< 2,1 a 


while by Proposition 3.25, 

\\Y s p+ 1 \\gs^ < ||y/|vy s |||i( 4 ||y/+ 1 ||i / i 4 + ||yf +1 ||^. 

1,1 L cr L ct a 

By the Cauchy-Schwarz inequality, 

IIITIVWIH^ y/A^l, 


P7 +1 || 


LI 


P+1 

< Bi +2 . 


while by Holder’s inequality, 
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To sum up, we have shown that 

|(Yj%,17- 1 ) CT | < \\Z\\ £& B^ (hf b! H ^ +Bp 

3(1 — y) 3(1 — ip . p+1 l + 3i/ 

< ||Z|| - A a 8 B s 8 +p+2 4 


+ 


p+i 

B ?+ 2 . 


We summarize this computation by two lines of Table 1. 

We now turn to the evaluation of 

(y s z( 2 \y?-% <P?||gA. II^ 2 ) IIb-c,„, 

p, 1 2 p 

where p denotes the conjugate exponent of 2 p. We first note that 

\\Z^\\ g - a ,^\\Z\\^s- a '. 

°2 p ^3 V 

We then prepare the ground for the adequate interpolation inequality by setting 

p + 2 


P + 2 

g = - and 

P 


4p ’ 


so that 


1 1 -z> £> 


p 1 q 

Since 1 — v ^ 1/2 and a < 1/4, there exists or < 0 such that 

1 - v 


vai, 


and the interpolation inequality is 


PTIIgA- < PTII^P WYsTgc- 

p, 1 ° 1,1 °q, 1 


) P + 2 
J S j 


We have 

unig^ < bs 

q 

while for simplicity, we can now use Proposition 3.25 in the form given by Re¬ 
mark 3.26: 

P7ll^/ 2 ,. < p/r 1 |VY s |p i + P7P,. 

U l,l -^<7 

The estimation is completed by the following two observations: 


pr'ivnill^ < Ja s IIYTII^ , 

er V a 


11*711% < Bt 2 . 

To sum up, we have shown the estimate 


{Y s zf\vr\ 


< m& a 

^3 p 


—a. p +2 


A l J 2 B. 


2(p + 2) 


Bl 


i-p 


which is summarized on the corresponding two lines of Table 1. 
The same analysis can be performed for 


by setting 


p+2 


p + 2 
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7i 72 73 74 1 — 73 — 74 


(ivnunr 1 ). 

|(K J 2 Z s ,Kf- 1 ) (T | 

(YsZ^lYr 1 ), 


0 

1 

1 

1 


0 

0 

0 


1 

2 


3(1 — 1/) 
8 


0 

l — i> 
2 


P 

2(p+2) 

3(l-i/) . £+1 l±3u 
8 ' p+2 4 

P+1 
P+2 
P 1+i? 

P+2 2 


P+2 

> - 1 - 

^ 4(p+2) 


> 


1 

P+2 

1 

P+2 


1 a' 0 

1 2 a' ^ 

1 2 a' 0 

0 0 0 


P 

P+2 

p—1 1+17 
P+2 2 

P-1 

P+2 

P 

P+2 


2 

P+2 

^ 2(p+2) 

3 

P+2 

2 

p+2 


Table 1. Each term in the first column is bounded by a sum of 
terms of the form C ||^|| 7 + s~ l2 H 73 B]* for the values of 71 ,..., 74 

displayed on the corresponding lines. Recall that v, v, V G (0,1). 


and proceeding as before. This leads to the estimate 


{Zf\YP- x )„ < \\Z\\g s~ 2a ' Bs* +2 [A l J 2 B^ p+2) +B p+2 


which we report again in Table 1. The same argument also leads to 


|(z a ,i7- 1 )J <\\z 


2?s 


B s 


a\' 2 b. 


2(p+2) 


B 


v- 1 

p+2 


1-17 


whose contribution can be absorbed into that of the previous term (so we do not 
report it in the table). Finally, we have 

(Y s ,Yr 1 )a = <bf*, 

and we have finished to fill the table. 

In order to conclude the proof, we have to show how to control a term of the form 
C ||^|| 7 + s -72 A 73 B 74 by the terms A s and B s that appear on the left-hand side 

of (7.11). We note first that we always have 7 := 73 +74 < 1. Moreover, Young’s 
inequality for products ensures that 


A] 3 B]^A] + B]. 

Finally, we observe that sup a ,^ 0 (—x + as 7 ) < a 4 ^ 7 , and as a consequence, 

1 

1-7 

5 

and similarly with A s replaced by B s . Hence, it follows from (7.11) that 

ii^iif*+ J* n+r 2 ivwi 2 ||^ d S < ^ J‘ *- 72 ) 1-7 d*, 

where the sum is over all 71 , 72 ; 7 = 73 + 74 described in Table 1. In order for the 
integral to be finite, we need to ensure that 72 < 1 — 7 in all cases. This is granted 
by the assumption that a'(p + 2) < 3/4 (the critical case being the third line from 
the bottom in the table). □ 


+ 

To 


-w + cwi s -^ az < mipi « 




5-72 


1 6YCT 
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We now upgrade the L? estimate to an estimate on a Besov norm of the solution. 
We do it in two steps: in the proposition below, we derive a time-averaged estimate. 

Proposition 7.8 (Weak a priori estimate in Besov spaces). Let p ^ 4 be an even 
positive integer such that (7.4) holds, and let a be such that 


(7.15) 


a ^ a ^ a H—. 

P 


For every K < oo, there exists C < oo such that if Z_G 3Lff p satisfies \\Z_\ 
and Y G S^ p a {Zf}, then 




< K 


/ imilga.l ds < C. 

Jo p/3 

Proof. Let v = 2 /{p — 1) G (0,1). Since pa < ap + 1 < a'(p + 2) + 1 < 2, we have 
a < v. Hence, there exists «o < 0 and a\ G (0,1) such that 

a = (1 — v)a o + va\. 

By the definition of v , we also have 

3 1 — v v 

- =-h -• 

P P 1 

By the interpolation inequality (Proposition 3.10), 

(7.16) 


llnllg*,. < ||F 5 ||L- 0 ^ \\Y S \\^. 

^ p / 3 £jp 


Since ao < 0, Remark 3.6 and Proposition 7.7 ensure that 

( 7 - 17 ) WYeWguo,. < WY.Wfy < 1 

(where the implicit constant depends in particular on K). Moreover, by Remark 3.4 
and Proposition 3.25 (which we only use in the weaker form provided by Remark 3.26 
here), we have 

llnll^.p < \\Y.\\ ti + ||VF S ||^ < \\Y s \\ tl + ||Vy s || £ ,. 

Using Proposition 7.7 with p = 2 (noting that (7.4) is clearly satisfied for p = 2), 
we obtain that 

pi 


(7.18) 


/o 


milled* <1. 


Combining (7.16), (7.17) and (7.18), we arrive at 


fe ds <i, 

Jo p/3 


p/3 

which is the announced result. □ 

We now conclude with a pointwise-in-time estimate of the Besov norm of solutions. 

Proposition 7.9 (Strong a priori estimate in Besov spaces). Let p ^ 10 be an even 
positive integer such that (7.4) holds, and assume furthermore that 

For every K < oo, there exists C < oo such that if |G 3?£ p satisfies \\Z]\ ~ ^ K 
and Y G S^ p a (Zf), then 

sup \\Y t \\gp,„ < C. 


t<T 


p/9 
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Proof. Let a £ ( a , a + 1/p]. Recall from Lemma 7.2 that 




p/9 


-p/3 


L \\Z s \\ g - a ,„ + \\Y s \\ Ba ,„ \\Z?\- a .. 

5 p/ 3 P/ 3 P/3 °2p/9 

+ ||zi 3 )|u__ + ||y s |u a ,. + ||z s 


p/9 


P/3 


P/3 


From the definition of \\Z\\ in (7.1) and Remark 3.3 [or (4.2)], it follows that 


hF.s 


p/9 


<(llklk.+s- 2 “')(|ia^+l 


p/3 




so that 
(7.20) 


I'F 


p/9 


31|r— tt.ff < ( ll^sllga.o- + S 

P/3 


-2a' 


(where the implicit constant depends in particular on K). By the definition of 

y e S^(Z), 

Yt = f e ( < - S ) A v]/ s dS; 

Jo 

so by Proposition 3.11 and (7.20), 


\\Yt\\g^< / (*-«)■ 

P/9 JO 


|4 s ||g- a „ + s 

p/3 


-2a' 


ds 


<1+ (t — s) ^ll^sllga.p ds, 


P/3 


since + 2a' < 1 by (7.4). By Holder’s inequality, since we assume 


1 a 


1 - -^r 2 

P -1 


< 1 , 


it follows that the remaining integral is smaller than a constant times 

r t \ 3/(p-L 

linikUd 

3 p/3 / 


so Proposition 7.8 enables us to conclude. 


□ 


Remark 7.10. Informally, we started from 

d t Y = AY+*(Y,Z), 

multiplied by and integrated to get an estimate on the L p norm, which we 

then upgraded to obtain Proposition 7.9. A similar strategy enables to find an a 
priori estimate on the modulus of continuity of the solutions. Indeed, for any fixed 
s £ [0, T], we write an equation for Y t := Y t — Y s (s < t ^ T), test it against Yf~ , 
and proceed as before. We obtain that under the assumptions of Proposition 7.9, 
the set 

{F G S^(Z), \\Z\\& < K} 

3 P 

is a family of uniformly equicontinuous functions in C([0, T], 
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8. Construction of solutions in the plane 

Theorem 8.1 (Existence of solutions in the plane). Let T > 0, /3 < 2, a > 0 
be sufficiently small , p be sufficiently large , and a > 2. Let A'o £ Z? 3p “’ c \ and let 
Z_ = (Z, Z'- 2 '-, Z :3: ) be as in (5.42) (that is, Z is the solution of (1.5), and Z :n: are 
its Wick powers). With probability one, there exists Y £ C([0, T\, B^)g) solving (1.6). 


Proof. Recall that we denote the periodic approximations of Z by 

Z-,m = Z'^m). 

By Corollary 5.9, for any a' > a and every integer M ^ 1, the quantity 


sup 

0<ts£T 


h,m II _-a- 


3p- 


V t a ' + ^\ 


^M\\ 


V f 


i(a' + 


&)| 


z i%\\ -o 


‘3p’ 


is finite almost surely. For a + ^ < a' + ^ sufficiently small, Theorem 6.1 ensures 
that there exists Y.-m £ C([0, T], *6^ M ) such that 

(8.1) Y t , M = [ e^ A ^(Y s , M ,Z s . M )ds. 

Jo 


In particular, Y.-m £ C([0, T], B^ a ). 

We further impose that p ^ 3 4 be sufficiently large that 


P -1 
p — 4 


0 

2 


< 1 , 


and then 0 < a < a' sufficiently small that (7.4) and (7.19) hold. We learn from 
Corollary 5.10 that with probability one, there exists a subsequence ( M)k tending 
to infinity and such that 

sup||Z M J|- < oo. 

k 3 p 

By Proposition 7.9, it thus follows that with probability one, 


(8.2) sup sup||y t; Mj|jS8,o- < oo. 

k t^T p/9 

By Remark 7.10, with probability one, (Y) M k )k is a family of uniformly equicontin- 
uous functions in C([0, T\,B^). By Proposition 3.29 (or Proposition 4.1), for every 

a' > a, we can thus extract a subsequence that converges uniformly in C([0, T\, B^’j g ) 
to some y; and moreover, Y £ C([0, T], B^'ffj. It then suffices to pass to the limit in 
(8.1) to obtain (1.8), using the fact ensured by Corollary 5.10 that for n = 1,2, 3, 
with probability one, sup 0<t<T t (Tl ~ 1)a ' || Z'fffj - Z t n ' --> 0. □ 

^ ’ ° 3 p k—too 


9. Uniqueness of solutions in the plane 


Consider the parabolic Anderson problem 
, Q1 x / d t Y = AY + WY (on [0,T] xl 2 ), 

1 J \ y(o,-) = o, 

interpreted in the mild sense: 

(9.2) Y t = [ e (t " s)A (W s y s )ds. 

Jo 

We want to find sufficient conditions on W and Y to guarantee that Y = 0. 
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Theorem 9.1 (Uniqueness for the parabolic Anderson problem). Assume that there 
exists K < oo, p + 1, po > 0 and a , a', b £ (0, oo) such that for every p ^ po and 
t<T, 

(9.3) \\W t \\ B - a ,^Kt- a ' p~ b . 

Let Y be a solution of (9.1) such that for some C < oo, a > a and c < oo, it holds 
for every p ^ po and t T that 


(9.4) 

If 

(9.5) 

then Y = 0. 


a + a 1 , 

—--1-1- o < 1 and 

2 p 


I II^ 

a + d 1 


H- 1 - of < 1 , 

2 p 


Remark 9.2. The constant c does not appear in the condition (9.5). This is a 
manifestation of the fact that (9.4) can be somewhat weakened if desired, as the 
reader can easily check from the proof. 

The proof relies on the following estimate. 

Proposition 9.3 (Recursive estimate). Let a > a, p ^ 1, a > 0 and p > 0. There 
exists C > 0 such that for every n ^ 1, 

(9-6) rtlU.Jk [ (t-s)~W^f> ||W s |L-^„ Unil ds, 

b P Jo 

where 
(9.7) 

Proof. Note that 

1 p p ( 1 


B, 


’ (" + !>“ 


Pn — 


n a (n + l) a 


1 




Pr. 


1 p 


(p/ 2 ) 2 n a p \n a (n + l) a J p(n + l) a p p (n + l) a ’ 
It thus follows from Remark 3.22 that 
(9.8) WW.YJ 


' S ± S\\ —a , - 


< \\W B \\ B -a,^ limi a , » 


We now observe that 


< f \\e {t - s)A (W s Y s )\\ ^ ds 

Bp J 0 Bp 

< f{t-s)-^~l>\\W s Y s \\ 


>0 


< / (i-s)-^”* \\w s y s \\ 


.1 jl ds 

p ’ n a 

» ds, 


where we used Proposition 3.11 in the second step, and Proposition 3.7 in the third. 
The conclusion follows by (9.8). □ 


We now prepare for a Gronwall-type argument via the following lemma. 

Lemma 9.4 (Iterated integrals). Let 71,72 ^ 0 be such that 71 + 72 < 1, and define 
recursively 

Io(t) = 1, 

I n +i(t) = f (t - s ) -71 s -72 I n (s) ds (n€N). 

Jo 
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For every 7 > 71 and T < 00 , there exists C < 00 such that uniformly over n £ N 
and t ^T, 

(9.9) I n (t) < ° 




Proof. Let 7 = 71 + 72 and, for neN, 

f* 1 


Jn= [ (l-w)" 7l M" 72+n(1 “ 7) dR. 
Jo 

We first show by induction on n that 

n —1 

In(t) = t n(1 " 7) n J k- 


(9.10) 


k =0 


The case n = 0 is trivial (we understand the product as being 1). For n £ N, a 
change of variables gives 

In+l(t) = t 1_7 [ (1 - 'U) _71 U _72 I n (tu) dU, 

Jo 

so (9.10) implies the same statement with n replaced by n+ 1. 

In order to conclude, it suffices to show that there exists C < 00 such that for 
every n sufficiently large, 

(9.11) A<c( 1 ?|5) 1 " 1 ’. 

We consider n sufficiently large that —72 + n( 1 — 7 ) ^ 0. For any e £ [0,1), we can 
decompose the integral defining J n along J 0 £ + J 1 _ £ and obtain that 

J n < e " 71 (1 - £ )-72+«(i-7) + (i _ 7 l )-i e i-7i. 

Choosing e = c(log n)/n for some constant c gives an upper bound that is asymp¬ 
totically equivalent to 

It then suffices to fix c sufficiently large to obtain (9.11), and thus conclude the 
proof. □ 


Proof of Theorem 9.1. In view of (9.5), there exists a > 0 such that 

a + a 1 

p' 


(9.12) 


(1 + a)b < 1 — 


We fix /a = fi 0 . By Proposition 9.3 and the assumption in (9.3), there exists C > 0 
such that for every n ^ 1 , 

rt 


/ (t-«r 






' <n + l)« 


ds, 


2 t p’ 

[note that 71 + 72 < 1 by (9.5)]. By induction, we obtain 


where fi n is as in (9.7). We define 71 = 72 = of, and I n (t) as in Lemma 9.4 


-b 


(9.13) 


\Y t \\ B *,» ^C n ( [] Tk ) I n (t) sup ||W 


\k=l 


n + l)“ 


As n tends to infinity, we have 


a/i 

n 1 + a 5 










GLOBAL WELL-POSEDNESS OF THE DYNAMIC $ 4 MODEL IN THE PLANE 


57 


so in particular (for some possibly larger C < oo), 


—b 


II Mfc < C n (n\)^ b . 


\k=1 


In view of (9.12), we can define 7 such that 71 < 7 < 1 and 
(9.14) (1 + a)b < 1 — 7 . 

By Lemma 9.4 and (9.4), the right-hand side of (9.13) is thus bounded by 

( n !)U+a)fc /( n + 1 )«' 


C n 


(n\y- 




This quantity tends to 0 with n by (9.14), so ||Yi|| B a,p = 0 for every t < T, and thus 
Y = 0. ” □ 

Theorem 9.5 (Uniqueness of solutions). Let T > 0, /3<2,a>2,a>0be 
sufficiently small, and p be sufficiently large (depending on a). Let Xo € Bf a ' a , 
and let Z = (Z, Z :2: , Z :3: ) be as in (5.42) (that is, Z is the solution of (1.5), and 
Z' n ' are its Wick powers). With probability one, ifY^\Y^ G C([0, T],B^ a ) are 
two solutions of (1.6), then Y^ = Y^ 2 \ 

Proof. The process Y := Y W — Y^ solves 

Y t = [ e^ A W S Y S ds, 

Jo 


where 


W = -(F (1) ) 2 - F ( 1 ) F (2) - (U (2) ) 2 - 3(F (1) + U (2) )Z - 3Z :2: + a. 


We verify that for suitable choices of parameters, the conditions of Theorem 9.1 are 
satisfied. Observe that 


sup//*e-^l* < 


and as a consequence, 


(9.15) 


sup/U|| • I Us < II • 


L Lp’ 


< II • 


sup/7 || ■ lls-'" ~ „ IIBJ 

fL y p 


Since the solutions Y^ x \ Y^ are in C([0, T\, B^ a ), we get that for some c < 00 , 
sup sup /r c ||Yt|| g / 3 ,p <00 a.s.. 

By Remark 3.3 and up to a redefinition of c, we also have that for every a ^ /3, 

sup sup p c ||L)||ga.p <00 a.s.. 

p/2 

By Corollary 5.10, with probability one, 

sup (\\Z t \\g- a , a Vt“'||Z; 2: ) < 00 . 


0<t<T 


* "e 


p/2 


By the multiplicative inequalities, it follows that with probability one, 

sup t a || W t ||< 00 . 

O^t^T p/2 

Using (9.15), we see that for any given b > 0 and 0 < a < a', we can choose p 
sufficiently large that 

sup sup p, b t a ||W t |L-c,,p 
O^t^T p / 2 


< OO. 
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The conclusion thus follows from Theorem 9.1. 


□ 


Appendix A. Gevrey classes 


We begin by recalling two classical facts about Gevrey classes: first, the stability 
of G e under multiplication; second, that the Fourier transform of a function in 
G 8 has fast decay at infinity. We then prove a third result that was needed in 
Subsection 2.3, whose proof is in large measure a combination of the proofs of these 
two more classical facts. 


Proposition A.l (Stability under multiplication). For every 9^1, the Gevrey 
class G 6 is stable under multiplication. 

Proof. Let f,g £ G e , and let K be a compact subset of R d . There exists C < oo 
such that for every x £ K and n £ N d , 

\d n f\(x) , \d n g\{x) < C'"l + 1 (n!) 9 . 

We have 

d n {fg) = Y. Q d n ~ m fd m g , 

m^n ' ' 

where we use the multi-index notation m! ■ The number of m’s such 

that \m\ < \n\ is so it suffices to show that on K, 

\d n - m fd m g\ < G |n l + 1 (n!) e . 

J 1 1 

On K , the left-hand side above is bounded by 

n!C'l n l +1 [(n — m)\ to!] 6-1 , 

and since (n — m)\ m\ ^ n!, the proof is complete. □ 


Proposition A.2 (Decay of the Fourier transform). If f £ G 8 , then there exists 
c > 0 and C < oo such that 

(A.l) \f(C)\<Ce- c ^ 1/e . 

Proof. It suffices to show that (A.l) holds uniformly over |£| ^ 1. For any n £ N d , 
writing ( n = Cff 1 ■ ■ ■ , we observe that 

107(01 = 1 ^/( 0 ! < J \d n f\ < C^ +1 (n\) 8 , 

where we used the fact that / is compactly supported and in G 6 in the last step. 
As a consequence, for every positive integer m, letting M = \jn/9\ (the integer part 
of m/9 ) and M = M + 1, we have 

icr /e i/(oi (lc l 1} icr i/(oi <c"(icir+---+icr) iaoi <c^ +i m 8 

(we use C as a generic constant whose value can change from an inequality to 
another). One can then check that the right-hand side above is bounded by 

C m+1 (M\) 8 ^ c m+1 M 0m < C m+1 rn m . 


We have thus shown that uniformly over |£| ^ 1 and to, 

/ Cm \ m 

IrJ ' 

Since 

. 1/0 


1/(0 Kc 


■^'■"1/(01 = g i£l gWi/(0i < c g 


m—0 


m —0 
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and m! 'J (m/e) m , it suffices to choose c > 0 sufficiently small that cCe < 1 to 
obtain the result. □ 

Proposition A.3 (Exponential decay). Let <j> £ Q 8 C be supported in an annulus C, 
and let 

9t( x ) = J e“' C </>(0 e"* lc|2 dC- 

There exists C < oo and c > 0 such that uniformly over x £ M. d and t ^ 0, 

\g t (x)\^Ce- ct - c W 1/e . 

Proof. It suffices to show that there exists C < oo and c > 0 such that uniformly 
over £ £ C and n £ N d , 

(A.2) d n (e“ 4|c|2 ) < C M+1 (n\) e e~ ct . 

Indeed, given this, the proof of Proposition A.l shows that uniformly over (, 

d n (V(C)e" t|c|2 ) < C lnl+1 {n\) e e~ ct , 

and then we can repeat the proof of Proposition A.2 to obtain the result. 

We now show that (A.2) holds with 0 = 1. Let us write f(y) = e ty and 
g(0 = —|C| 2 - By Faa di Bruno’s formula, for n £ N and 1 < ii, d, 


d n 


dr 


Jr ■ ■ ■ dr 

7ren 

where II is the set of partitions of {1,..., n}. Because of the form of g, the term 
indexed by B in the last product is zero unless \B\ ^ 2. It thus suffices to focus on 
showing that 

|E/ (| 7 r|) ( 2 ( 0 )| ^C^ +x n\e~ c \ 

where the sum runs over partitions 7 r whose constituents have at most two elements. 
Moreover, /Cl 7 r l)(y) = t^e ty , and there are 

n\ 


-(/(s(0) = £/ (W) (s(C))II 


d\ B \ 


rifees % 


-9(0, 


mi! TO 2 ! 2 1 ™ 2 

partitions of { 1 ,..., n} by m 1 singletons and m 2 sets of 2 elements (mi + 2 m -2 = n). 
Let r £ (0,2) be such that |£| 2 < r => £ ^ C. It suffices to check that 


(A.3) 


E 


n\ 


mi+2m2=n 
N (N 


m\ \ m 2 ! 2 m2 


^mi+m 2 g —tr 


< C ,|n|+1 n\ e~ ct . 


Since 2 N = J2k=o Ck), we have (mi + m 2 )! < 2 mi+T " 2 mi! m 2 !, and thus, for 
m 1 + 2 rri 2 = n, 

1 r A ' 


mi! 7712! 


^ 2 r ' 


(mi + m 2 )! 


(tr/ 2 ) mi+m2 / 4 

K + m 2 )! 


Jr/2 


This implies (A.3) (with c = r/ 2), and thus concludes the proof. 


□ 
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